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EDITOR'S INTRODUCTION 



James L. Lubkiri 
Michigan State UniversHy 



EDITOR'S iNTRbbueilON 

_ For f i ye years I have been i nterested in educati onal i nhovati on _ 
and the improvement of college^ level engineering and science teaching, 
l.haye read about and ;p]ayed_ with "PS^ self-paced instruction » the 
Keller plan, individaalized .instruction, mixtures of traditional and 
ihridvative methods, arid so forth. I have even cdritributed to what I 
consider to be one of the "wavelets of the future": computer-assisted 
homework arid test coristruction , a finely-adjustable method of indivi- 
dualization which blends well with both traditional arid iriribvative 
methods, 

_A11 pf_these_are_exci tirig^ and properly managed, a^ 
Butevenwhen i have created as rational an environment for learning 
as I could, it was still clear that the teachirig of problem solvtrig 
was not as simple as I thought. Most students still could not teach 
themselves what had to be learned: 

This moriograph grew but of the difflculties_which remairied^ I 
had several purposes in mind when i asked the present authors to make 
their cbntributibns: 

1. i wished to assemble in one place a number of current 
papers dealing with problem sol vi rig* Through these pa- 
pers and their references i J wished_tb_pbirit tb_ the 
growing literature of this important field, iespe- 
cially sought authbrs rrbm a variety of discijDliries. 
with a variety of approaches^ 

2. Much atteritipri is now being fd oh Pperi-erided dr 
creative problem solving ("design"). Excellent 
papers arid bddks address this subject. Unfortunately, 
many students cannbtcdrrectly sol ve_ the_elementary sub- 
problems which are inherentin the design process. The 
teaching of _elemeritary_problem splyirig to be the 
place to- start, so i asked the authors to concentrate 
bri_this less fashibriable but furidameritally importarit 
area. _ 

3. I alsd assembled these papers in order to be educated 
on how to teach elementary problem sblying. __Lest_ariy- 
one think that your editor is an.expert in this field, 
let me hasten_tb disabuse^bu^ J sim^ 

out some of the real experts and.asked them to write 
articles fbr me, the archetype df the "willirig-but-igriO- 

1 1 1 
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rant" engineering educator, as a representative of a 
]irge_audience_ripe for guidance^ I am pleased to re- 
port that the authors have generally avoided the trade 
jargon which might pUt their ideas beyond the rea'^h of 

the typical educatbr in science and engineering. 

Here are my first conclusions from the educational process which 
I sought in these papers:. _ _ 

* They have clarified the many meanings of the word "prob- 

1 inci_ the_ di sarmi ngly si mpl e express i on "P i"obl em sol vi ng " , 
We mast define our terms very carefully before we begin 
to talk about remedies and methodology. 

* They have made quite clear what is_missing_ih_much of 

our teaching, i.e., what we are doing wrong, and the gap 
between what weteachers thVnk we are doing and what we 
actaally are doing. Put more bluntly, few educators in 
engineering arid scierice have been taUght how to teach, 

and few students reach them knowing how to learn. _ In 

particular, few teachers realize that it is part of their 
job to teach s^tu^dents how to learn . 

* The authors have made it clear that time spent in teach- 
ing students how to learn is ngtriecessarily time lost 
from the course. .(Those who prefer not to change their 
ways always have facile excuses, including "time lost" 
and "they were supposed to learn that in high_schopL"i___ 
Teaching students how to learn makes them more independent, 
and able to learn more qui ckly_aridwi th greater corifi- 
dence thereafter. Time put into theearly courses of a 
curriculum tp_ teach students_hbw to learn wi 11 probably 
permit more effective learning in the later courses of 

the same curriculum. 
*' inevitably, some of the authors* recipes and_suggestipris 
leave the reader with a vague feeling of dissatisfaction. 
The papers make the difficu]ties_clear, but the proposed 
cures may seem blurred and imprecise, it is then that^ 
you realize_that_teachiri§ arid learriir.g are human activi- 
ties which are not easily codified. Part of theimprer. 
cisiori arises because the subject is still in itsJnfancy. 
The teaching of abstract reasoning. and_ logical thinking 
is a difficult exercise in human-psychology. An enormous 
variety of approaches _are_possib]e arid relevant. Accor 
ingly, some of the suggestionswill strike a responsive 
chord for one teacher_and repel another. Some of them 
will work for one teacher personality and notfbr.another. 
But_cdllectively, all of the papers do offerenough pat- 
terns, procedures, templates andldeas tb_help most teach- 
' ers start exploring and experimenting .with their own 
courses. I will be quite_satisfied if this mdridgraph 

makes the reader hungry to get started. 

The_primary topic of this mdridgraph is €l#mentary_ problem solving 
Some of the papers, particularly the first, do not_adhere_strictly to 
this topic. However, this serves the very'valuable purpose of estab- 
lishing the position of elementary problem splyirigirirelatidn to 
prdblem sdlvirig in general. Beyond this, please do not look for any 
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organizational pattern in the grouping of the papers. There is none: 

dames L. tubkin 
danpary, 1978 
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TRAINING FOR EFFECTIVE 



PROBLEM SOLVING 



Gary A. Davis 
University of Wisconsin 
Madison 



ABSTRACT 



E'nphasizin§ the complexity of human pr sblying, this article, _ 

begins with a brief review of several .taxonomies of problem solving, eac 
P? w^iic^i i'^firitifies different types p problps and different thinking 
processes. The report then summarized a five-step analysis of the 
problem-solving process: (a) fact finding, (b) problem firidihg, 
(c) idea finding, (d) solution finding, and (e) acceptance finding. The 
analysis helps clarify human problem solving and also serves as an 
heuri_stic_tp_gu1 de individual _br_grpup_prbblem_so1 ving^_^ T^^ 
generation stage includes a brief summary of some creative thinking 
techniques. 

r One difficulty in-training for problem solving is that there are 
many different kinds of "problems." One taxonomy of problems (Samson, 
1970 ) i denti f i es , f i rst , 's i tuat i 6ns requi ri ng a discovery process, 
such as detective mysteries, matchstick or number sequence puzzles, 
and many mathematical .problems.__A_secpnd_type_pf_prpble 
g]jmfl4n£, for example, transporting 300 children to theKing Tut ex- 
hibiti with minimal casualties^ _br brgariizihg a new college course. 
Samson's third category was creative . problems^ which requires a free- 
wheeling gush bf_imagi native possibilities. SPme examples would be 
listing ideas for a_6b-second TV cornnerGial i brainstbrmihg ideas fbr a 
traffic safety problem, Pr just listing unusual uses for a brick. 

With another taxonomy Lewis Jl977Li^entified_fpur types of prob- 
lems which differ according to whether the means to the solution is 
clear or ill-defined, arid whether the eg^itself is clear or ill-de- 
fined. For example, an arithmetic problem (What Is the square of 
5i678?) has_bpth_a_clear_means and a clear end. These are called 
procedural problems . Choosing a vacation spbti a movie i or selecting 
wallpaper represent problems with a clear means, but an uncl^ear end 
( decision problems ). Corrmon puzzles (crpssvybrds^ rlddleSi.etc^] and 
sUcH problems as designing a better mouse trgp would be problems with 



economic, political, and even some personal problems represent situa- 
tions with both an uncleargbal and ill-defined means (e.g., how do 
we halt inflation, settle the middle-east situationi increase .perspn-_ 
al self-confidenceli which Lewis calls generational problems . Across 
all four-combincitions, problem solving is def 5 ned_as_the_".^. process 
bf_clarifyirig both means and ends, that is, creating procedaral prob- 
lems from the other three types." 



a cl^ar end, but an unclear means 




Finally, 
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Looking only at laboratory tasks of experimental psychology, 
^3yis' (1966) two-part taxonomy first, those re- 

quirinej o bservable trial -and~erro r problem solving. For example, 
trial-and-error is used in figuring out which cbmbihatibh of switches 
willproducea desired pattern of lights, in learning to correctly 
classify arbitrarily- related stimulus objects, in learning a finger- 
"^^^e .blindfolded, _or in the real world to find a lost checkbook. The 
second category of problems includes those solvable by impl icit 

mental .processes , which may involved some "mentaV trial and. error. 
In this category are chess problems, anagrams (scrambled letters), 
^^issiohary-cannibal problem (ferrying, three ml ssionaries and three 
cannibals across a river in a tKO-pf=rson boat without ever allowing 
nii ssionaries to be buthuiTiber problems ,_ and others. 

Davis notes that an "impl icit"_ type problem will become a trial-and- . 
^'^'^^'^ /^^ ^ol ve matchstic I; problems, and a person sol ying anagram prob- 
lems will use trial-and-error if he is given.letter blocks* 

In still one more taxonomy. Fuller (1973) rotes that "problems" 
can vary in Ja) having one or a multiplicity of possible solutions,. 
(b) the degree of uncertainty in either theproblem data or the prob- 
lem butcomos , (c) the quanti tatiye/rrathematical _hature of _the_problem, 
(d) the degree of the soci al , people-related character, (e) the ab- 
stract (symbol ic vs. concrete) character of the needed spluti oh, (f) 
the complexity of the solution, or (g) the immediacy of the solution 
evaluation. 

The upshot of this introduction is simply that "problem solving" 
is a difficult, catch-all concept which includes countless types of 
situations arid, of present importance, innumerable sorts_bf_ment^ 
activities and processes. At thevery least we find such processes as 
trial-and-error searching^ lbgicaldeductibri,dia^ 
classification, metaphorical thinking, step-by-step planning, idea 
retrieval, idea synthesis, discovery, means -end analysis, abstracting 
cpmimonal ities, transferring old solutions to new problems, evaluation, 
and many more. Small wonder that some sceptics have questioned 
whether problem solving skills* whatever they may be, can be taught 
at all. . . . . . 

Existi rig_ strate§ies_f or training prbbl^ vi ng_shbw tremendous 

variation.in the scope of problems for which the training ls_appro- 
P^^iste. _Perhaj3S the most general approach is the Upton and Samsbri 
(1963) Creative Analysis workbook, which promises to strengthen_think- 
ing, creating, problem solving, and even intelligence itself. The 
program, provides broad-based exercises in structure analysi s, qualita- 
tive analysis, classification, abstracting sirrJilarities, discovery^ 
y_sing_symbbls_and tree_dia§ramSj metaphorical _thinkingi analysi s of __ 
operations, and.much more. -Gther-efforts at.teachingproblem solving 
focus bri a smal ler number of helpful , verbal izaMepri rici pi is. _ Fbr 
example, Simon and Reed (1976) emphasized the importance of means-end 
analysis, which gives direction to a prbblem-sblving search. Fuller 
(1 974) re commended. his. "special VQcabul ary"_for problem .solving, __ 
which calls attention to the "principal parts": the data- set, algo- 

ri^hs (rules )i_unkoownsj_aridc Wickelgreriis ^1974] 

sxrategy for teaching mathematical problem solving, which optimisti- 
cally "...guarantees that you will never again have a blank mind in 
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^ucfi (proLieii) solvini;; ci r(.unot..nc(:5>"_inclurlt n ^Pt^cifyino givehs, 
c^ai.s,lfyir.f! action sequoMces, evnluatircj y.tot.iS^ dcfinirKj suhgotil*;, 
sea rc H i n y for cent rtj g u; 1 1 an s v >o rk i ng ba c k wa rd ^'rbhi t he ij o«3 1 , 1 odM ng 
for* roln tionshi pr, ( si.nt i 1 ari ties. } between protlLMiis, and others, 

I he remainder of the preceht eiiSay will focUS spr?r i f i cn lly cn- 
iiolving "creative probleirL." those situaticns requi ri row ideas for 
(.resigning a better bumper, ktitM'iruj costs down tind effw.icncy up, 
rr.tirketing Hula f^oops auO infinitely nore. 



. Ski 1 Is, stratefjies and atti tudes for creative prcblen sol virr; arc 
taught dciily in universities anil large corporations through Anierica 
and_the world. The effectiveness of such training naturally varies 
with tiio coarse arhi with the individual participant, _The_rnpst common 
and pT-eUictable DuUoh'e is a solid change in "creativity consciousness." 
Farticipartb come tc undorstend crec3twe_ thinRing_dnd problem sol ^ 
tetter, they become riore confident in their own creative ability, they 
become rviore likely to ur.e_a. rredtiyo apprcach in solving professional 
problems, and they are ready -to take a more, creati ve i^pproach to_life 
in general. Hard evidence of program of fecti veres s , which is not 
often available, bas taken the form of . higher. scores. _gn.di yergent _ 
thinking tests (such as listing uhu<^ual uses for a brick) _and higher 
scores on personal i ty . tests measuring self-confidence, initiative, and 
leadership potential (Parnes, 1962): 

A recurrer.t strategy for _teaching_creatiye problem solving is t^;'e 
stage approach , which forms the core of_the Crcaf've Act I f^nLcok , pre- 
pared by Creative Educa ti on_ rounda t i on leaders Noller, Parnes and 
Biondi (1977): The reader may _ be acqua i nted with. Wallas' (iy?Cj staffs 
0^ pr eparation , i-n;eU I)at1 or , 4-1 l-u nn'ha tibh and v eri f icat icn , which very 
generally summarize the sequence of . events _ i r many. problem solyir§ 
episodes"'. The Nbller e^ aj steps of (a) fact findin g,- (b) problem 
finding, (c) i_de_a fjjidi jva', . (d ) soJuX^Pn fiJ^-^iDJ- ^nd^ 
f_4r.d-in^ represent 'afi up-dating of the 1926 step?;, (see Figure 1). In 
the ""1977 model each of the five stagt?s involves both a divergent, idea- 



Creativf^ Problem Solving 




3 




PROGRAM SUMMARY 



THE CREATIVE 
PROBLEM-sbLVtNG 
PROCESS 



FjBCt-FJnding _ 
Prob/em-Finaihg 

Sotutioh'Flh&ihg 




Figure 1. Fiye_stages in creative. prbblem sol v^^^^ Frdm_ Creatiye i_ 

Actionbook_,-by Rath B- Noller, Sidney 3* Parnes, and Angelo 
M._B]pndij Charles Scribher's Sbhs^ 1977. Reprinted by 
permission. 
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geheratidh phase fdlldwed by a cdhvergent, evaluative phase. An as- 
sumption of the model seems to be that an understandingof the dynamics 
df problem solving, as represented by the five steps, will lead to more 
systematic, effective problem sol ylng. __ In_the fpl lowing suninary, most 
space will be given to step (cj, idea finding , since much has been 
written about idea-generatibri techniques. 

FACT FINDING 

The first step i gathering pertinent ihfdrinatidn. Activities in 
this stage will include listing relevant facts and_raising questions^ 
sdme of which may need to be researched. For example, let's say the 
problem at_hand_is designing packaging for a new line of Mr^^ Plum's 
Pickled Komgoats . A group perJiaps composed of food processing engi- 
Dili^s, executives, and layout art ists^w^ 

for example, on relevant biochemical reactions, deterioration ratesi 
cdntaminatidn dangers, taste factdrs, and costs, availability and mar- 
ket research data on_ various packaging.alternatiyes. .After free- 
fldwing idea-production period the most significant facts -would be 
sifted out.and perhaps. clarified and elabbrated^__Q_uite often, ideas 
listed in this st^ge will relate directly to ideas produced in later 
stages . 



Prdblerti finding amounts to identifying and defining the problem(s) 

td be attacked, One does. this by_ (a}_ 1 isting _ma^ 

statements, (b) by repeatedly rephrasing a particularstatement, and/or 
ic] by_def inirig the problem_in a^b 

has the effect of opening new avenues ot thought. Problem statements 
often begin with ''How might^^^^ v- '' or "In what ways might we. . . " Fdr 
example, "How might we present attractive 'units' of pickled kumquats?" 
"Hdw might we keep cdsts ddwn?" "In what ways might we prevent loss 
of flavor over time?" And so on. _ 

One would consider variatioa? of a single problem statement^ 
''Hbw_might_yye_preseht attractive "How can 

we make people like our package?" "How can we make the package say 
lTry_mel I'm good! '?" or "How can we make pedple put dUr package in 
their.shopping carts?" _ _ _ 

Sdme more general prdblem statements, which usually provide new 
problem yiewpointsi_could_be _'_'tn wbat_creatiye_ways_can_bur product 
attract attention at the grocery store?" or "How can a biological 
prbduct_be_made tb last fbreyer?" 

Problem listing is followed by the evaluative process of selec- 
ting the mdst prddUctive prdblem statement. Of course, different 
problem definitions will result in different_lists_bf_sblutibns.__ 
Frequently, many important subproblems will be identified, each of 
which will require separate attentibn. 
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IDEA FINDING 



After a problem is selected, the individual or group should 
generate a list of sdlutidh possibilities. The list will be longer 
and more imaginative if the thinkers observe.the deferred judgment 
principle . That is, even "wild" ideas shooldbe freely suggested and 
recorded with _ no_ joined i ate_ eyaluatipn_or cr it] ci^ Far-fetched ideas 
may suggest realistic, creative problem solutions- _ 

Inaddi tipn to using ones in tion there are a hum 

erate, supplementary strategies for producing new idea combinations. 
The fdl lowing techniques are taught in virtually every professional 
creative thinking course. 

Attribute listing . The attribute-1 isting technique (Crawford, 
1954, _ 1971) inyolyes_ei ther.ia] 1 isting_importa Icharac- 
teristics, dimensions) of the problem and then-listing ideas for im- 
PrpvinO^each of those attributes.Jpr (b) transferHng ah attr 
(or problem solution) from one situation to a new problem context.. 
"Packages" of pickled kumquats, for example, have attributes of mate- 
rial, size, shape, color or color patterns, picklingmediumi .vitamin 

additives, appeals to different groups (e.g. .sugarless kumquats^ dried 
kumquats for backpackers;_Kiddle_Kwatsi_kumqua 

etc.), product names, cartoon characters (as on cereal boxes), and 
more. Each liimension will spur ideas--lbts of them--related to that 
attribute: - _ _ 

As_for_ transferring attribute seek ihspi ra- 

tion from other attractive and successful forms_Qf packagingj^prbmo- 
tioh. For example, the catchy 7-Up and i^vi ' s TV comtiercials or the 
unique h' Eggs pantyhose displays might suggest packaging Ideas. for 
Mrs. Plum's kUrtiquats. The reader might recognize the process of 
metaphorical thinking as central _tb_this_attrlbute_transfer_strategy 

Matrix methods . As extension of attribute, listing is the.matrix 
approach, sometimes knbwn_as Inbrphblbgica l synth e sis or morphological 
analysis (Al Ten^ . 1962, 1966). ideas for one problem dimension (or 
attributejare listed aldhg the hdrizohtal axis of a matrix, ideas 
for a second dimension are listed along_the_vertical _axis.__This_syS' 
tern forces the problem solver to examine the very large number of 
solution combinatibrs found in thecells bf the matrix, seme cf which 
are likely to be. creative, practical, br with a little lUck, bdth. 

I<iea^ checklists . Idea checklists also may be used to prod the 

imagination. The lateAlex Gsborn, inventor of brainstbrmingicb- 

founder df the successful advertising agency. Batten, Barten, Dursten 
and Osborn, and founderbf theCreati ve_Educatibn_Fbundatlb devised 
a set of "73 Idea-Spurring Questions'' which may be applied to virtu- 
ally anyprobrem-sblying task fb_r^^ creative sol ut ions are sdUght. 
A condensed form of the list (from Davis, 19741 includes; 

Put to bth e r uses ? New ways td use as is? If mddified? 

Adapt ? What else is like this? .What other person, place 
dr thihg does this suggest? 

Modify ? •Change meaning, cblor, mbtibh, sbund, odor, form, 
shape? 
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Magnify ? More time? Greater frequency? Stronger? Higher? 

Longer? Thicker? Plus ingredient? Multiply? 
----- Exaggerate? 

^l.iJl^Jj/'^ Smal_ler?__Lower? Shorter? Lighter? Split up? 
_ . ' boderstate? _ _ . 

Sut>s-t4W te? Who pv' what el se instead? 

Rearrange ? Interchange.corriponents? Other layout? Other 

sequence? Transpose cause and effect? 
R everse ? Transpose opposites?_ Turn it backward? Upside _ 

down? Inside out? Turn tables? Turn other cheek? 
Combine? Hoyy aboyt a blend? An assortment? Combine units? 

Purposes? Appeals? 

The reader mightwish to think of the kumquat-packaging problem 
(or something niore releyant) while cphsidering^ item pn_ the. list. 
While such a l ^lst should be used only to supplement ones -intuitive 
idea supp]y, the list almost guarantees the production of some ideas 
which otherwise would not have occured to the thinker. 

Synectics methods . Space will not permit a fair review of the 
very amazing and amusing synectics. strategies which are used both in 
professional creative problem solving (Gordon, 1961; Prince, 1968, 
1971 ) arid for strengthen ing imaginati ^ (Gordon , 1968, 

1971). _In_brief, the techniques teach systematic, metaphorical think- 
ing. The Di-r^^ A fialbqy method asks the thiriker tb_look tb.nature for 
metaphorically-related problem ideas. What, for example, is "packaged" 
by seagulls, spiders, bees, salmon, dak trees, rose bUshes, arid so dri. 

Tbg Personal . Analogy method asks the thinker to become part of 
the problem objects. The reader might think about what it's like 
t>eir>g a i'lavprfUl, well-preserved and attractively^packaged bunch of 
kumquats. How do you feel? What makes you happy? How could you be 
improved? 

■With Fantasy Analogy the problem solver searches for fanci* i, 
perhaps ideal solutions, for example, by asking hdw the problem might 
solve itself. How might pickiedkumquats preserve themselves? Main- 
tain their_own_flavor? Become more and more attractive to shoppers? 
^'^^^ the wdrld of cdrisumer pr^^ refrigerators defrbst_themsel yes 

tires patch their own leaks, ovens clean themselves, cameras adjust 
their own shutter speeds, turkeys baste themselves, a riew chain saw 
sharpens, itself > and a utomobi le engines diagnose their own problems. 

Whether the thinking strategy is intuitive or "fdrced," the Idrig 
Vist of creative, _sbmetimes_pre must be reduced to the 

potentially most fruitful ones for further development. Additional 
infdrmatidri dri creative thirikirig techniques may be.fbund in Davis 
(1973), Davis and Scott (1971), Biondi (1974), Gordon (1961), and 
Stein (1976). 



SQLOTIQN FINDING 

_ QuitB-often a good solution will need no formal evaluation 
(sblutidn-firidirig) stage--When^ it's right^.ybu knbwj_ Most.bf.the. 
time, however, it's worthwhile to.systematically list criteria for 
evaluating the gdodriess df each df the sdlUtidri pdssibi 1 ities. The 



reader might imagine a matrix with specific sblutidri ideas listed 
vertically along the left side (vertical axis) andevaluation criteria 
listed across the top ^horizontal axis). Working from left to right, 
each cell would contairi a rating ( poor , fair , good , grgat ) .for_each 
idea for each criterion. Sdme useful criteria are: Wil 1 -it_work? 
Will thepablic accept it? Does it require.tob much time? Too mUch 
money? Are materials available? Reliabil ity? Durability? Safety? 

Wocild my mother like it? _ __ _ . 

As with all other stages, a longer list of criteria can be 
shortened to those v/hich seem most premising. 

A CCEPTANCE FINDING 

"Acceptance finding^ is a slight misnomer, since this final stage 
includes both gaining acceptance (sel 1 ing the idea )_ and devising w^^^ 
to implement and assure effectiveness of the problem solution: Noller 
et ai. (1977) recommend a sel f-test, asking, such questions as: (a) 
What might I do to gain enthusiasm for -the idea? _How? _When? Where? 
Why? (b) V/hat might I do to insure effectiveness? How? When? 
Where? Why? And others. 

Conci usions 

Most problem solvers do not consciously follow separate stages in 
PTPbiem solving. There also is no iron-clad assurance that training 

with this stage approachwill guaranteemore successful thinking^ 

However, the* five-step model does_draw attention to necessary comppr 
nents and subskll ls_ln_problem solving arid suggests clear, conscious 
means for copingwith these components. AlsOi the model implicitly 
fosters the_developmerit of apprdpriate attitudes by encouraging flexi- 
bility, originality, and openmindednesSj_and_by_gerierally reinforcing 
a more creative approach to effective thinking and problem solving. 
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ABSTRACT 

_ Patterns of Problem Solving is a four-unit course offered in 
twelve sections each quarter of the academic year. The course dis- 
cusses tools and concepts useful in problem solving with a balahce 
sought between modeling techniques and attributes of human problem 
solvers. Problem solving is presented as a dynamic ojDeh-ehded process 
encompassing diverse academic disciplines. 

The course is sponsored by the School of Engineering and Applied 
Science at UCLA^ but it has ah appeal to students carripuswide. The 
more than 400Q students who have taken the course. representmore. than 
thirty major fields of study arid all levels at the University from 
freshmen to graduate students. The students have_rej3eatedlyrat^ 
course as ah outstanding educational experience that helped them con- 
solidate past experiences and :ef the stage for easier assimilation of 
subsequent learning. 

The diversity of both student backgrounds and_the_cburse_subaect 
matter led to the development of a unique peer teaching program. The 
peer teachers are a link between the instructbr_ahd_thestUd^ 
viding assistance to students and feedback to the instructor.. This 
makes it possible_to_maintaln_cbntinuity in classes with students of 
diverse backgrounds and interests:. Peers and instructors are ayail- 
abledaily in the course learning laboratory for consultation with 
students. 



BRIEF HISTORY 

Patterns of Problem-Solving_was developed at UCLA andoffered.for 
the first time in the_fall_bf 1969 to a class of thirty-two students. 
It wasannounced as an elective campuswide interdisciplinary course. 
By_1973 the course grew to three sections per quarter withan enroll- 
ment of 250 students for the year^_ The steadystate enrol Imerit in 
1976-77 reached 1600 students, with twelve sections of the course 
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offered each quarter and two sections in the summer session. 

As enrollments kept increasing; a special peer program was . 
introduced in 1974^ Peer teachers are pu'-staridin^^^^ 
completed the coarse and undergo an extensive summer training program 
to prepare them for their role. For the past three years the peer 

program has stabilized in the number of peers and their duties. 

Generany, there are two peers per course section; The peer teachers 
are available in the course learning labbratpry_to assist student 
and provide the instructors with important feedback^ Peer teachers 
arepaidfpr eignt hours per week although they often put in rnUch 
more time on their own. The involvement of the peer teachers in the 
le^rhihg process makes ^ possible to conduct classes for students 
with diverse backgrounds and interests and maintain a continuity 
that is otherwise difficult to achieve. T!re peer program makes - 
assistance available to the students at all times wlth_no_ need for 
appointments, and reduces the demands on the time of the instructors. 

Sections of the coarse have been taught.by faculty members from 
different disciplines, such as Engirieeri rig Psychology, Law, 
Business; Philosophy; Architecture, Mathematics and Computer Science. 
These faculty members are outstanding teachers and have been noted 
for their diverse interests. Some instructors are. recruited, others 
offer to teach the course as an extra load and consider the underr 
taking a valuable educational experience. Since lt_is__nbt possible 
to cover the thirty-eight sections of the coarse offered each year 
wi th professors_ only ^_ they are_ipiried by butstaridi rig teaching 
assistants who are trained to teach their own sections of the course. 

teaching assistarits are selected on the basis of talent, per- 
sonality, and interest in students. 

Funding for the cpursecbmes frbm_yarlbu 

of Engineering, the Office of Undergraduate Affairs; and the Chan- 
cel Ipr's Office. _ The_idea that_l_ed to trie creation of this 

was sparked by Dr. Chauncey Starr, former Dean of the School of _ 
Erigirieeririg arid Applied Scierice at UCLA. Dr. Starr and Professor 

O'Neill, the present Dean, have supported the course in bbth deed 
and spirit from its inception. 



Modified versions of this course have been offered since 1973 
1n the_Natipnal_Science FbUridatipri ^"ype Short Courses 

conducted by the American Association for Advancement of Sciencefor 
college teachers across the country^ A public lecture series was 
offered under the auspices of UCLA Extensionto. 300_parti.clpants__ 
from the community which included many professionals from medicine, 
law, business,, education, and industry. __Aspects of the course have 
been presented to various professional-societies , .executives , and 
at the annual University bf_the_Yburig Pre A 
lecture series was-also given at the University of Tel Aviv and at 
the_yniyersity bf Belgrade Urider the auspices of a Ful bright-Hayes 
lectureship. 
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COURSE OBJECTIVES 



The priinary objectives of the course are: 

• To develop a general foundation of problem solving approaches, 
including some specific techniques. 

• TP.i^phasize the thinking processes at all stages of the 
problem solving activity. 

• To expose students to both objective and subjective aspects 
of problem solving. 



To provide a framework for a better appreciation of the role 
of topis and concepts that the students may have acquired or 
will acquire. 

To bring together students from diverse backgrounds so they 
can observe different attitudes and problem solving styles, 
and learn from each other. 



COURSE CONTENT 

Patterns of Problem So] ving was designed to provide the founda- 
tion for attitudes_and skills product^ in dealing with complex 
problems in the context of human values. The most significant __ 
feature of the course is its interdisciplinary approach: This is 
manifested in the diverse background of studehts_in the_cburse_and 
the broad range of subjects covered. The. ten.chapters of the text 
Patternsof Problem Solving , Prentice-Hal 1_ 1975 .which was developed 
by Professor Rubinstein specifically for the course, reflect this 
approach: 

Chapter 1: PrdbTem SolviTig: culture ,- values and models of 
problem solving; difficulties, guides and atti- 
tudes. - 

Chapter 2; Lan§uage_and Communicati f^'P[Ii evblutidn of 
writing to computer language, symbolic represen- 
•tatioh 

Chapter 3; Computers - Fundamental Concepts: computers^ 

their structure, their use in problem solving^ how 

they work. __ 

Chapter 4: Probability and the Will to Doubt: information, 

itSirilevahce, credibility arid measurement, 

entropy. __ _ 
Chapter 5: Models and Modeling: purpose and nature of 

models, models in history, behavioral science j 

arid erigirieering. 
Chapter 6: Probabilistic_Mgdels;_ sampleSj_distributioris , 

errors of omission and commission, simalatibn. 
Chapter 7. Deci sibh-makin§ Models: decision criteria, 

utility theory, game theory, group decisions. 
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dptimization Models - Selecting_the Best_Pos_sible: 
linear and nonlinear prograiraning, dynamic pro- 
gramml ng. 

Dynamic Systems Models: cybernetics, its ubiquity, 
bistory, and appl icatidris ; simulation of dynamic 

systems; - _ .. 

Values and Models of Behavior: value judgement, 
social preferences, consensus i assessment of 
val Lies . 

The entire subject matter of the text was not intended to be 
taught in a ten-week_quarter._ _The subjects taught, and the e 
which they are covered depend on the instructor's prerogative. Hpw- 
eyerj_there_is acpre of subject matte upon which every Instructor 
focuses. This core comp^rises the major part of the text _arid_course 
and includes Chapters 1, 2,. 4, 5, 7, and parts of 10. The material 
of Chapters 3, 6» 8, and 9 is deal t_ with_bnly to the_exteht_that 
each instructor desires. The text is not the only source of subject 
material. Some topi cs.coyered during the qua which an 

instructor introduces as a result of individual background. 

Theemphasis on practical application reflects both classroom 
and nbnclassrbom experiences. Instructors often use real world 
examples in their lectures and assignments, and mostjnstructors 
require the students to apply the tools they have learned to a 
personal problem. This becomes the_class_project,__Projects_ih 
past have covered such diverse subjects as selecting a career, buying 
a car, and finding.a pl_ace_to liye^ .Tfiese projects are submit 
written form, and in addition,^ some are presented orally ^ shown_pn 
film^ or illustrated_by use_of_slides. Most of the students enjoy 
working on their projects and consider their efforts valuable. 



Chapter 8: 
Chapter 9: 
Chapter 10: 



STAFF TRAINING 

Each June teaching assistants and peer teachers undergo. inten- 
sive training, in preparation for their teaching roles the ensuing 
Fall. The training program consists of a ser1es_of _meetin§i_ih 
which basic course content is reviewed^ supplementary material is 
presented, teaching skil Is are_developedj_ajid_cburse policies are 
discussed. Teaching assistants are videotaped while conducting 
simulated class _lectures^__They plan_a sample course syllabus and 
share ideas on course content, lecture styles, and grading^systems. 
Peer teachers^ review course material by preparing notebooks of 

lecture outlinte, answers to textbook problemsi and additibna] 

reference material. Peers also practice explaining coarse concepts 
in role-playing sessions in the learning labbratbry. Pe^^^^ 
important, the staff learns to work together and develops a sense of 
community which cbntinues tb_§rbw thrbUghbUt the academic .year. The 
training program has been extremely successful . Participants_in _the 
program_feel_that_it is very wbrthwhile and that they have acquired 
knowledge and confidence in preparation for the new "academic year. 
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In addition to the sunmer training program, the course staff of 
§bbut thi rty people^, gets_together_each_guarter _at_the R 
to share experiences and suggest innovations for the program; These 
gst-togethers serve as forums for promoting the growth of the sense 
of community ainong the staff _and stcidents. For example, instructors 
and peers have planned erid-df-qUarter class parties, organized 
Mastermind tournaments, and formed an intramural coed football team. 
A recent addition is a Patterns of Problem Solving Tee shirt dis- 
playing the coyer of the teAtbook. Also, one peer teacher presented 
the program with a log book for the lab room in which students, peers, 
instructors^ and visi torsareericburaged toent^ ^.puzzles , 

and suggestions. This sense .of .community is displayed by the many 
times that students and staff plan sessions with food, so they can 
"eat together while learning together." 



THE FIRST DAY OF THE COURSE - ONE EXAMPLE 



"Welcome to Patterns. of Problem Solving.- During. this intro- 
tJuctbry course we wil 1 expl bre mchy problem sblyihg styles 
and techniques. But first, here is a problem for you.... 

'7pu_are_lbst bn_the_mobnt_ybur_s^ 

landedand you and your crewmates have been able to save 
the fbllbwihg items: 



a box of matches, food concentrate, nylon 
rope, parachute silk, solar powered portable 
heating unit, two .35 caliber pistols, one 

case of dehydratedmilk^ two_100 pbund_tanks 

of-oxygen, a stellar map, a self-inflating life 
raft^ a_rTia§netic_cbmpasSj fi ye ga^ 
water, signal flares, a first aid kit contain- 
ing ''njtctibn needles solar powered FM 
recei ver- transmitter. 



"The mother ship is 200_miles_away_bn the 1 ighted_surface 
of the moon. Rank the items according to their potential 
for helping ybu survive."^ 



Imniediacely^he studehtSj were divided into small 

groups, become immersed.in a problem. How should we decide? How 
cdLild we rank the items? How can a group reach consensus? How can 
we try to overcome the uncertainties in the_ situation? .Will a flare 
work in the^moon's atmosphere? Mhat is more important to us; food 
or shelter? What is more impbrtaht; fobd or water? 

This "Ibst bh the mbbh" exercise is then used to illustrate 
many of the topics which will be covered during the Patterns of 



^This "Lost on the Moon" exercise is from Psychology Today , Nov; 
1971. 
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Problem Solving course. Students realize that they ^have a. problem . 
since there is a difference between where they are ( Initi al st ate ) and 
the mother ship 200 miles oway (the ^al state ): They are trying to 
decide Kow to solve their problem. Thus^they.are attempting to 
determine a specific procedure for reaching their goal state frpmthe 
initial state. Each group must analyze the alternat ives available %p 
it and_make some sort of group decision. The students. alsp.wilL. . 
want to develop a means for coping with the wcertamties inherent^ in 
the problem. They may not know, for exampk-i how_lgng_it would take 
them to walk to the mother ship, but they might be able to estimate 
p.0^i1ities : . As -they attempt to rank the. fifteen. salvaged items 
they woulc profit from the course discussions on utility theory. 
Throughout their work on this problemr Students wi 1 1 rea^ ^ 
vilues pl_ay_an important part in the way we view problems. In such 
a life^and-death situation^ the_ supreme value of sUrvi val^^ ^ - 
probably overshadow the values of comfort or beauty. _ Finally , i^his 
simulated problem sol ving_situatibh is just a model of a real 
situation Its purposeis to approximate a real .problem so students 
can practice their skiUs arid analyze their own problem solving 
styles. 



THE CONDUCT OF THE COURSE AND THE tEARNINa LABORATORY 

Patterns of Problem Solvi^g-is unique in that alorigwith its 
diverse dcademic content^ many alternate learning modes arc provided. 
Each section of the course has around fortystudents, so there is 
ample opporiunjty for close interactions among the studentSi in-, 
structor, and peer teachers. The formatpf class meetings varies; 
including lectures, group exercises^ movies, and problem solving 
sessions. Assignments may include hbmewdrk problems, journals, _ 
individual problem solving projects, take-home quizzes, and-ih-class 
exams . 

Outside of_class, students are encouraoed to go to the course __ 
learning laboratory when they need to talk about their homework. The 
lab room is staffed five hours daily by peer teachers and_in?tructors 
and provides a meeting ground for students to study and receive help 
or feedback. Often students come to the lab ropm_ during office hours 
of the peer teacher who_is assigned to their class section, but 
they ipay ask questions of any staff member,. Students can leave 
messages for peer teachers or instructors in their mail boxe? in the 
lab; Also, answers to homewprk assignmerits arid additional informa- 
tion' are posted dri the bulletin board in the lab ropm. Many 

students are amazed that the staff is so available and so helpful. 
Students especially appreciate the fact that undergraduate peer 
teachers are available to heljD others master the course material i 
arid some students express interest in becoming peers themselves. 

The undergraduate students vyhobecpme peer teachers have been 
outstanding_studerits iri the course and are invited by their^i_n-_ 
structors to join the peer teaching program. For these students. 
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being a peer tea&her is nx)re than just a job. From a peer teacher's 
viewpoint, perhaps the most. rewarding aspect of peer teaching isthe 
opportunity to actively contribute to the educational system. Often 
university students become passive receptacles_bf_factsi_peer 
teaching combats this passivity. Peers focus attention on the educa- 
tional_process and thihkabbutalterhate methp^^ to teach certain 
concepts: They become more aware of what occurs in the classroom, 
and provide heeded feedback to the course ^instructor. 

Peer teachers assist in a specific course section in a number of 
ways. They attend class lectures; read homework, exams, and projects; 
and assist in runhirig the course. As previously mentioned, peers 

conduct office hours in the course lab room. Inthe lab roorn^ 

students and peers interact on a one-to-one basis . Students realize 
that the peer cares about _them_ and wants _ them understand the 
concepts. Peer teachers gain a sblid understanding of the funda- 
n^ntal academie aspects of the course and also becop prof ic 
explaining these concepts. Peers also gain confidence in dealing 
with people. Often a peer finds that a student really wants 
friendly, helpful reassurance as well as cl arification_of _a_poiht 
from the class lecture. Some peers become very interested in_ _ 
teaching and adopt, thatas one oftheir 1 Ifetime gpa] s, but all peers 
have found the problem solving training very beneficial as they 
embarked bh a career or cbritihued their studies. 



REWARDING EXPERIENCE 

Patterhs of Prbblem Sblying has been a rewardirig experience for 

individuals involved in all aspects of the program. Students feel 
the course is very ehl igritehihg. They appreciate the practical 
course content and the personal attention. Outstanding students, 
often become very interested in the material and continue to take 
related courses. Twice a year_the_fbll_ow-up seminar course, AjDjDlied 
Patterns of Problem Solving^ is offered to a select group of 
excel lent Patterns_bf_Prbblem Sol ying^ T^iese studerits are 

specially invited by their instructors to take the seminar. Students 
consider it an hbnbr to be invited tb paKici pate in the seminar. 

In this course, more advanced topics are studied and students 

conduct iri-depth grbUp projects. One group designed a "UCLA GAME" 

which is used at UCLA's incoming student oriehtatlon to introduce 

the campus and its regulations to. newcomers. Another.group analyzed 
the.Plahning^ Prbgramnilngj and Budgeting System (P. P,B.Sv_) at a 
SoDthern California high school. Other topics have included im- 
Pi^bving the UCLA fraternity arid sdrority s^ ^^^^^9 ^ ^^^^ ^ 

business. Students sometimes continue these projects by taking 
irideperident study courses. 



Not only outstanding students find the course appealing. Many 
students who haye_nbt been_expbsed tb prbblem sol v^^^ 
find them fascinating. One student, for example, worked very hard 
thrbughbut the quarter attempting to uriderstarid concepts that were 
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alien to him. He was very prdUd to earn a grade of "C" at the end 
of the class and thanked the teacher for the only course he'd enjoyed 
at the university! This student was especially aided by the daily 
availabilityof helpin the course learning labpratpi^.__Pat 
Problem Solving may be unique in that- both instructors and students 
consider, the coy rse_ to be a valuable learning experience^ 
is at the very heart of the reasons for the phenomenal success of 
the course. 

- - _ _ _ _ - ^ _ ... 

There are many benefits for course instructors. Instructors 
often share the same offices. They maintain corrinon office hours in 
the learning Vaboratory and meet to discuss their experiences in 

social get -to §^t hers. several times a year. _ The effect s_pf this 

constant f raternizatiorf are several. The instructors develop close 
Ppj^sbnal friendships. __ nwo_bf_the_in5tructprs even got prried] ) 
They exchange information on the course, based on their own area of 
expertise v share amusing (or f rust rati hg) experiences; deyeldp^ n 
problems, examination questions, and c^iass examples; and help' each 
other in some of the more difficult aspects of the course content. 
They also discuss some of the rrore philosophical aspects_pf_teachi^ 
the role of the peer teacher; the best ways to make use of student 
skills; the proper amount of discussion versus lecture; and so oh. 

Ah informa] tradition exists that some aspects of the course 

content, emphasis, examples, and so on^ are always changing. Part 
of this results from the interchange of ideas among the instructors; 
as new ideas are developed and^are successful, they are cotTuiunicated 
to the other iristructors and adopted. But more than this, the 
instructors fundamentally believe in one of the bases_pf_the_cburse 
content: one must maintain an open mind, a will to doubt, and. _ 
flexibility. They believe that, _1n_a dynamic wpr]d, it makes_ liU 
sense to set QJip's plans in concrete, especially in a course that 
purpprts_tp te|ch the skills necessary to solve rea^^^ problems. 
Furthermore, the instructors are taught, and believe, that all 
classes are different; courses have personalities Just as people do 
and one does not treat all classes alike any more than he_wbuld__ 
treat all peD[)le alike. Oftentirfles an instructor will modify hi5_ 
teaching technique or the course content to accommodate a particular 
class of students. 

instructors maintain an honest respect for their students. In 
a sense, this is a necessity, because in a course that ^ covers sub- 
jects from psychology to llnguistics tp physics_tp_ehgineeHhgj 
there may be students who know more about some given subject than 
the instructor. 

Final lyj and perhaps jT^ important , 1_f there exists a Philos- 
ophy common to the instructors it is that the course^ andteaching 
it, ought to be fuh^ While instructors are not hired because of 
their senses of humor, it never seems to fall that_the_type_pf_pepple 
who enjoy the course enough to pursue it farther and_ to eventually 
end up teaching it are the kind of people who enjoy life and are 




happy. They heithertakethemsel ves , hdr the world, too seriously 
and they know that students do not learn much .n a course which they 
dread attend! hg. 



CONCLUSION 

Patterns of Problem Solving has had a record of success virtual: 
unheard of in .academia . The reasons for this success are the_course 
content itself, which is flexible and designed to instill in the 
student th'e skills and attitudes productive for_clealin§_with complex 
problems; the preparation and training of the staff- involved in 
teaching the course; the varied fprmat_pf the_actual teachifig; the 
availability and helpfulness of the staff, including the existence 

of a 'learning labQratoryi'^where_5tudentt in^^ividual 

attention directed -towards their -particular needs; and the enthusiasm 
and concomitant effectiveness, of the instructors. 

We feel that as the teaching of problem solving becomes more 
widespread, it_ is fundamental that the' jarganizers.of.such courses 
examine hot drily the content of the course but the atmosphere in 
which it is conducted. /, 



THE AUTHORS . 

Moshe F. Rubinstein ^ 

Professor of Erigirieeririg, UCLA 

Mdshe Rubiristeiri created the campus-wide course "Patterns of^ 
Problem Solving. " He ls_author_of_fbur textbooks sixty 
publications in the areas of problem solving, decision thedryi 
dynamic response^ andstructural systems. He has received many 
awards for his teaching excellence. He has. lectured.widely through- 
put the country arid abrdad. Mdshe Rubinstein is listed in. Wbo's VJho 
in_America and Is a graduate of UCLA ^ havirig received his B.S. in 
1954, M.S. in 1957, and Ph.D. in 1961. 



L^.Rdbin Kel ler 
Teaching Associate, UCLA 

For the past fiye_years_Rbbiri_Keller has be^^^ 
the Problem Solving Program as student, peer teachers and instructor. 
She received a_Bachelpris Degree iri |Mathematics at UCLA and a 
Master's -Degree in Business Administration from the _UCLA__Graduate 
Schppl_of_Mariagemerit. Rdbiri is pursuing a Doctorate in Management 
Science at UCtA with a special interest.in.Problem^spl ving. She is 
affiliated with Beta Gamma Sigma, the national business honorary 
society. 



19 




Edward A. Kazmarek . 

Department for Znergy and Environment, Georgia-Pacific Corporation 
Portland, Oregon 

Edward Kazmarek was_assbciated with the Problem Solving program 
for five years asstudent, peer teacher, and instructor. He taught 
the_course not_bhly at UCLA but also at California State University, 
Northridge. He holds a Bachelor's Degree in Biblpgy_arjd a Master 
Degree in Erigirieerihg Systems, both from UCLA. His academic interests 

lie in economic and systems analysis of envirohmehtal arid energy 

problems, especially model formulation and decision analysis. He was. 
the recipient of the UCLA School of Erigirieeririg's Outstanding 
Nastier' s Candidate of 1977: 




3 



A TAXONOMY OF PROBLEM- 



SOLVING ACTIVITIES AND ITS 
IMPLICATIONS FOR TEACHING 



H...L. Plants 
_R;_k. _bean 
J. T. Sears 
W. S. Venable 



West Virginia University 



A RationaJ^e 




"A Taxonomy of Problem-Solving Acti vities"--what is it arid what 
use ls_lt? The dictionary define taxonomy as classification. In the 
world of biology and elsewhere, it has come to mean a classification for. 
the purpose of study^p create ataxgnbmytoe 

parts of a subject which is too large or too diffuse to be studied as a 
whole. 



Problem-solving is just such a topic, Sol ving a probl^em.is an act- 
ivity _whlch_can_corisume_days,_mp^ in a 
matter of seconds: it can subsume many behaviors orvery few. it can_be 
ex t r erne 1 y _comp 1 ex br yery s imp 1 e ^ Con s eg u e n 1 1 y , i t i s a 1 mo s t i mpb s s i b 1 e 
totalk or even to think about it as a whole. Discussion of problem- 
sblvirig terids tb degerierate to a discussibri of brie phase of problem- 
solving or even of solving a particular class of problems,. JhuSj_§eneral 
statements about problem-solving are often made which would be better 
addressed to a particular part of problem-solving. 

J^'^ ^^velbprtjerit and use bf a taxonomy of problem-sol yihg acti yi 
can help with these problems. By breaking problem-solving into its com- _ 
P°'^^'^^ vi^i^s it makes it pbssible to cbrisider each activity separately 
without the mental haze which results from trying to think about too 
many related activities at one time, it enables the thinker to examirie 
a.prpblem-sblyirig system for the presence or absence of appropriate 
activities and to take corrective measures. Last, it allows the thinker 

describe mbreaccurately the prbblem-sbl v ing process and thus commu- 
nicate it to another. 

Since a taxonomy is an aid to description and communication, it is 
of more use to the person who wishes to think about and talk about the 
problem-solving process. than_ it is to the person who wishes.to do 
problem-solving. Thus it becomes a tool of utmost utility to the teacher 
whb struggles to transmit the^ process_t6 the student 

rather than teaching the solution of specific problems. 
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A Prbblem-Sdiving Taxdndmy (PST ^ 



Most, if not all, problem-solving activities can be. divided intj 
f iye.cldssi f icatibns: routines, diagnosis, strategy, ihterpretatidh , 
and generation: 

There is no particular sequence for these classes of actiyity_and_ 
in sdlvihg an actual problem the student will move back and-forth. among 
them_ according_to the_drctates_pf the particular prob]em^ The fbl lowing 
working definitions have been evolved for these activities: 

Routines are those operations which, once begun, afford no oppor- 
tunity for decision but proceed by simple or cdmplex mathematical steps 
to a unique solution. Long division i s a_ rgutlrie. _ The_eyal uation of a 
complex integral is a routine: The solution of a quadratic equation is 
a routine^ _The determination of the mome^^ of inertia of a comjDosite 
area about a centroidal axis is a routine. All of these depend only on 
the correct execution of a number of steps. The student may find it 
necessary to recall mathematical or physical facts in order to ...erform 
a routine but nd decisidns are necessary: 



Diagnosis is the selection of the correct routine or routines for 
the_splution of a particular p rob 1 em^ D i agrio s i s i s s o r t i n g o u t correct 
routines from incorrect routines; Deciding on the flexure formula to 
find the stresses at a given point in a beam is diagndsis. Deciding on 
integration by parts for a given iriteg rati on problem is diagnosis. __ In 
both cases there is only dne way td gd, but the student must find it: 
He must examine the problem until he finds a correct routine. 

Strategy is the choice of a particular routine for the sdlutidn df 

a problem whichmay be solved by several routines or variations of 
routines, all of which are known td the student. Strategy is choosing 
among correct routines. The selection of a point about which_tg take 
moments is a strategy decision. The decision to use polar rather than 
cartes ian_ coordinates, i s_ strategy. __The use of the method of sections or 
of the method of joints in analyzing a truss is a matter of strategy. 

interpretation is the reduction of a real-world situation to data 
which can be Used in a routine, arid the expansidn of a problem solution 
to determine Its implications in the real world, It includes the making 
of apprdpriate assUmptidns and the interpretation of results: 

Generation is the developmentof routines which are new to the 

problem-solver. It may simply be layirig out a riUmber of routines td put them 
together in new ways^ in which case it is probably a matter of pure___ 
recall. It may be the bringing together df previdusly unrelated ideas 
to spark a new attack, in which case it is_highly_creative^ _It_may be 
somewhere between these two extremes: Itmust result in an activity 
which is completely new to the problem-solver arid which he has riever beeri 
taught: 

_ These are the five dimensions of problem-solving as the taxoriomy 
defines them. A studerit eriters with certain skill levels in each and 
exits with a different set of skill levels. The difference iri these 

m 



skill levels is a measure of what has been learned about sol vi rig prob- 

le[ns^_ To teach prdblem'sol ving the teacher must address each of the five 
dimens ions. 

the present taxonomy does not deal with problem definition, because 
^ t c a s e s t h e e h g i n e e r b r tJie.^ e n g i ri e e r J^ng stUderrt- 1 y e ^ 

particular problem, large or smal 1 prJttiBr^ than to discover the problem 

to be solved; 



Other beaming Taxonomies 

The reader of educational papers_may wonder whether there is a need 
^ 1 «_ excel lent taxgnomies_gf 
Ifarning already exist. That is quite true. However, a closer reading 
will show that most of the existing taxonomies of learhihg behavior end 
where a taxdriomy of problem solving begins. 

The best Rhdwri of all educational taxdriomies is undoubtedly that of 
Bloom. 

His Taxonomy of Educatiohal Objectives categorizes all cognitive 

behaviors as knowledge, comprehension, application, analysis, synthesis 
^nti.evalUatidh^ It is an extremely_pdwerful _tgql ^ but its very rigor 
makes it difficult to use in teaching problem-solving: It is quite 
possible for two teachers to argue for hours dv a giyeri_dbjec- 

tive is actually comprehension or application, and to end_ap agreeing 
that it is really a bit of both. By focusing on grdUps df behavidrs 
leading tg_a particular outcome^ rather than on individual behaviors, 
the Problem-Solving Taxonomy cuts across Bloom's Taxonomy and groups 
behavidrs as _t hey occur in__hesglutiori_df problems. _ Fdr_ i nstance, 
diagnosis, an activity in the Problem-Solving Taxonomy ^ may. combine 
knowledge, cdmpreherisidri, arid applicatidri as identified by Bldom. 

In his eight type': df learriirig, Gagrii^ lays dUt a hierarchy which 
culminates inprgblem-sgl ving. _ Problem-Solving as Gagne sees it is ct 
far narrower activity than that envisioned by the engineer. The Gagne 
prdbl em-solving is qui te arialagdus td the actiy i ty_desigriatecl_as_ "Rdutine' 
in the Problem-Sol ving Taxonomy. _ The Gagn^ hierarchy does not deal with 
the more complex activities irivdlved iri prdbl em- sdlvi rig. 

^In a later work, Gagne^has delved sdmewhat deeper iritd prdbl em- 
sgl ving_arid_ has sgmewhat extended his range. An activity which he calls 
"rale learning" corresponds well with our "routines", and he has divided 
his prdbl em- sdlvi rig into four m^ _ Presentation. gf the prgbVem, 

definition of the problem, formulation of hypotheses (both correct and 
incdrrect), and verification. This apprdach Iddks at generation arid 
analysis but ignores the areas of diagnosis and strategy. 

In a very recerit attempt tg assemble arid integrate various taxono- 
mies, Holland and his co-workers have evolved a taxonomy with three 
"^3iri di visidris: psychdmdtgr learriirig_^ memdry learriirig _and_c 
nitive learning. A subdivision of memory learning, algorithms, bears a 
considerable resemblance td rdUtiries The remainder of the activities 
catalogued in PST are treated under "complex cognitive". There, under 
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the heading of "principles", they consider an activity mach like 
diagnosis, and their "strategies"_groupin§_iric]udes a mixture of 
strategy, generation, and application as identified in PS1. 

The existing learning.taxonomies are thus, seen tb_be much_more 
generalarid diffuse than PST, and require the teacher to atilize_many 
different levels and even difi'erent taxonomies^ in order to completely 
describe arid arialyze prdblem-solving activities as they are seen in the 
practice of engineering. _Jt may_be_ar§ued thatthe preserit Problem- 
Sdlving Taxonomy can be used to complement the more general learning 
taxonomies, already, in Use_^ arid can provide a Useful special i zed too] 
for the.teacher whose primary concern is the teachin§/of_prbblem solu- 
tion^ Other taxoribmies are perhaps more useful inteaching the solution 
of one particular problem or class of prbblem5^__PST is most Useful iri 
teachirig ari approach to problem-solving in general. 

Principal Approaches to Problem-Solving 

it may be of some interest at this time_to_examirie_the approach^ of 
several cUrrerit schools of thought on-problem-solying,_and to describe 
them by means of the Probi em-Sol ying_Taxonpmy (PST). For ihstance, 

brairistbrmirig and synectics are aimed almost entirely at generation.. 

Both are designed. to facilitatethedevelbpmerit of many alternate 

for problem solution. The working out and evaluation of the ideas has 

no place in either system, bUt are saved for a later day. 

_0n the bther harid, Pblya maps presume the generation to have already 
taken place and concentrate_pn_the_logical develojDmerit b^ strategy based 
Upbri arialysis. Process synthesis and computer simulations of_human__ __ 
thought also- emphasize_strategy_but base it Upon some generation activity. 
The role of strategy in both approaches considerably outweighs the bther 
activities. 

.Inguiry learriirig of all sorts is based upon meticulous questioning 
and thus can be characterized in PST-terms as primarily concerned with 
iriterpretatibn. 

The cognitive and gestalt theories explain human, behavior in terms 
of conscious. strategic_purpbse. "The organism perceives, thinks about, 
and analyzes its environment." In these theQries,^_prbblem-sblving is 
primarily seeri as thbse activities which PST describes as diagnosis and 
strategy. 

Behavioral _ psycho logy sees prbblem^^ like al 1 learning, as 

resulting from the reinforcement of correct splutions^ _It is not cbri- 
cerned with_the_merital mechanism by which problems are solved but with _ 
increasing the frequency with which problems_are_solyed. Iri practice it 
becomes,! powerful methbd for teaching routines and may produce some 
proficiency in diagnosis, it does not address generalized problem- 
sblvirig skills. 

There are many variatioos on these various. school s of thbught abbUt 
learning_ln general arid problem-sol ving in particular^ These give 
varying degrees of emphasis to the activities described by the Problem- 




Solving Taxonomy. However, the PST_appears_to_be_egual_td the task of 
describing any of them and may indeed provide a useful tool for comparing 
and contrasting the various approaches. 



The fdregdihg discussions should serve to help place the Problem- 
Solving Taxonomy in perspective with current theories abdUt problem- 

solving. The remainder of this paper will be devoted to the use of PST 
i n_ understanding and eriharici of the problem-sol ving 

activitiesof students: Before undertaking to use PST tp classify the 
problem -sol vi rig activities of stuc^-nt^, it is advisable to examine the 
sorts of problems they are expected to solve. 

Problems can be classified as simple clbse-e Complex close-- 

ended, or open-ended: in all cases the problem solver combines ideas to 
produce an answer to a pievidUsly Uriahswered question. Often the com- 
bination of ideas is a new one for the individual problem solver, but 
this is not always sd. 

A simple closed-ended problem is one which has one right answer 
and one set method by which that arisp ot)tained. Taking the 

derivative ofan algebraic: expression is such a problem, In terms_gf__ 
the PST, simple closed-ended jDrdblems are solved primarily by diagnosis 
and routine. 

A complex c1osed-ericjed prgblem_is^b i^lsht answer 

but several methods by whTCh the answer may be obtained. For example, 
many problems, iri_ dynamics rtia^ by the Use of Newtoh' s laws, by 

energy methods, or by applying the principles of iinpulse.and momenturrij^ 
but the final ariswer will be the same no matter whichmethod is chosen. 
The taxonomy would describe the solution pf_such prbblL;:.s as cdrisistirig 
of routines, diagnosis, and the use of considerable strategy. 

Open-ended problems are those for which more than one correct, solu- 
tion can be found. However, ari dperi-ended problem can be broken down 
into a cluster of close-ended problems. The cprrectsplutign is irihererit 
once a method of attack is determined and appropriate assumptions are 

made> Different solutions are obtained by changingeither the attack 

or the assumptions. Developing the attack is described in PST as genera- 
tion, and choosing assumptions, is interpretation. ThUs, the dpen-ended 
problem emphasizes generation and interpreVttion at the same time_that__ 
It reguires all the rbUtiries, diagribsis and . trategy used in close-ended 
problems: 

The engineering curriculum attempts to deye engineering 
student the ability to solve all three types of .problems. It meets with 
variable success.__Ofter| its successes arid its failures seem to be more 
a matter of luck than good management. Nevertheless, erigiheering_educa- 
tion dbes succeed^ Erigirieeririg students do become probl em. sol vers^ The 
next section of the paper win be devoted to Ippking closely at how this 
bccUrs, describing the Students progress by means of PST. 



Types of ^reb4effvs 
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Problem-Solving and the Beginning Student 



Generalization about students' skills in any area is a dangerous 
bccUpatibh. Nowhere is thi\s more true than in the assessment of fresh- 
men. The effects of their varying backgrounds are still very strong. 
Nevertheless, most teachiers will agree that a freshman is more like 
pther_ freshmen than he is like a senior. It is this broad common pattern 
we shal 1 examine: 



What is the entrance prof i 1 e of the freshman engineering student? 
There is tremendous variation in individual s and_in_ insti tut ions ^ There 
is quite probably a sex-related difference, although our observations of 
females have been too few to include. Neviertlieless, let Us examine the 
fictitious average entering male. What are his problem-solving skills? 

He is essentially a specialist in routines^ previous 
educational experience has been directed to teaching him more and more 
complicated routines. However, his rtibst sophisticated experience with 
routines has been with multi-step single-path operations such as long 
division: He is not only good at routines; he is good at learning 
routines^ He tries to reduce all of prbblem solving to the application 
of routines. 

His skill in diagnosis is limited. He can select a formula such 
as the ideal gas law ill order to initiate a routine, but his rejjertbire 
of such formulas is very small in any given area so that selection is 
relatively easy: He has had the most opportunity to develop diagnostic 
s^illsinmathematicSj where he has had considerable practice in matching 
the method to the problem: 

His skill in strategy is rudimentary, it is limited to choosing 
between orders of ope ration ill a single routine. In other words, he 
can decide whether to take one arithmetic or algebraic step before 
another: The capability of his calculator has frequently taught him to 
make some strategy derisions in order to use it efficiently. 

His skill in 'ihterjDretatibh is almost nbh-existeht. It consists 
almost entirely of the identification of knowns and unknowns in a problem 
statement so that he can Use them in the routine he has selected. He 
is_ really at the stage of recognizing that a quantity given in units of 
psi is pressure and goes into the gas law as P, while a quantity given 
in is volume andgpes jn as He probably also knows that someth^ 
will have to be done about the units: Hehas had no experience in making 
initial assumptions or in evaluating results. 

His skill in generation is yet unborn. He will brand as unfair any 
prbblem which is dissimilar to those he has been taught to do. 



At the end of the sbphbmbre year the student is halrway to his 
bachelor's degree insofar as course work is concerned. He is ready to 
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leave the generalized instruction of the underclassman. and enter. upper- 
class specialization. What are his problem-solving skills at this 
point? 

To describe the students' problem-solving ski 1 1s at the end. of two 

years of iristrUctidri we must once more generalize; Obvioasly some students 
will have made far greater strides than bthersv. Sex-based differences 
will probably have diminished. However, the average student will. have 
made some progress in all areas although he has not advanced equally in 
all: 

He has added a great many routines to his repertoi re_ and has! earned 
to handle more complex kinds of routines. He is able to handle chaining 
routines where he must complete one rouUne to get to the begiririirig of 
a second, and must complete the second to begin the third, and so on 
until he reaches_the_fi\nal ans^ ^Isd learneG to work with 

interlocking routines where one routine must be compjeted and the result 
storied while second arid third routines are completed and stored in their 
turn, until the results of al 1 can be used _together_ i n a f i nal routine. 
He has, in fact, advanced to the final stage of proficiency in using 
routines. Although he wi 11 .probably learn additional routines through- 
dut his professional life, he is unlikely to encounter any new patterns 
for routine calculation. 

Iri the area of diagridsis the student has made comparable progress. 
He can now select a set of routines and_prder them so that the solUtidri 
of drie prdvides the starting point for the next or, in the case of an 
interlocking, routine^ _break_it_dgwn into the necessary subrdutiries^ He 
has learned to incorporate feedback into the diagnosis. That is,_at__ 
the end ofone routine he can use its results td choose the next appro-. 
priate routine. He can also carry out paral lei rgutines and, as a final 
step, compare their results arid select the correct answer: in the area 
of diagnosis, as in routine, he has gone about as far as he can go. He 
will cdritiriue td practice his diagnosticskills and will become more 
proficient, but he has acquired the complete grduridwdrk. 

In the areas of strategy the battle has Just begun^ Coming inwith 
essential lyno skill in problem-solving strategy, _he_has_learned a little 
but he still has a Idrig way td gd. He has learned to accept the exis- 
tence of more than one acceptable approach to a probjem. He cari select 
ari apprdach from several possibilities and is beginning to develop a 
rational basis for_some selections^ He can select a startirig pdint-for - 
his work and. he can evaluate the efficiency of alternative orders of opera- 
tignin complex routines. Ndrie of these skills is really wel 1 devel oped , 
bat he can handle strategies for ordering work within a rdutirie better 
than he cari haridle strategies for selecting routines: 

Students enter the sophomore year with very little skill in inter- 
pretation. They_leave_it_with little rridre. .They are able to translate 
more complex problem statements and drawings' into usabl^.data. __They 
have been exposed td some irifdrmatidri dri the appl icabi 1 i ty of the 
material they are learning, but they havengt yetpracticed iriterpreta- 
tibri. That is prdbably as it shduld be. since interpretation must deal 
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entirely closed-ended: 

in the area of geperatiori a start has. beeri_made,__The_st^ 
beconie accustomed to the idea of working"new"_problems, using routines 
ih_situatibns_where_he hasnbt been specifically taught to use them, or 
putting routines togetherin a way which he has never seen before. 
Mechanics, c6urses_general ly have provided such practice arid have forced 
the student to a realization that he will be repeatedly forced to solve 
such prdblems, Unfair as he may view them. 



Problem-Solving and the Upper Classman 

During the first two years the student has become expert in routines 
and diagnosis arid has takeri the first steps in strategy, interpretation^ 
and generation. During his final two years he wi]l_deye1op_his_abilities 
in the last three areas: The precise emphasis shifts from curriculum 
to curriculum, but ail curricula develop these skills. 

The junior year focuses primarily on the development of strategy. 
There is an emphasis on seeking the best way to solve_a given problem. 
Routines arid diagridsis are still taught but only in the sense of 

increasing the students' repertbi re^__Interpretatigri begins_t^ be of 

considerable importance, as the students' attention is focused more and 
Spre_pri the real-world implications of his work. The^ to generate 

solutions continaes to develop, as again and again the student is forced 
to face Urif ami liar jDrbblems. 

During the senior year all the processes already in motion continue: 

Routines, diagnosis^ and strategy, continue to be jDracticed with new 

material and new situations: it is in the design courses that appl ica- 
tiph and generation become the primary focus of the teaching effort as 
the teacher tries to show the student how to bring all his previous work 
to bear bri trUly bperi-erided prbblems., 

Implications for Teaching 

This is the developmental pattern for problem-solving skills in 
engineering student s_ as it can be bb served iri most erigirieeririg school s; 
is it inevitable?. Can it be changed by changing teaching techniques? 
Can the mbre cbmplex skills be iritrbduced earlier? 



it would appear that this can indeedbe accomplished by a teacher 
whp.becomes aware of what he is_teaching iri terms of gerieralized skills 
rather than of particular subject matter. 

For example, most teachers are quite cbmpeterit at prpviding practice 
by means of assigned homework problems:\ Homework problems focus pri- 
marily on learning and using, routines, ar^|Lthis may be the reason that 
students seem to be so much more proficient in this area of problem- 
splying_thari in any other The tyjDicalhbmewbrk prbbl em requires a 
very. simple interpretation step as the student reads the problem, a 
simple diagribsis that leads tb the selectibri of a routine, and two pages 
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of routine calculation. _ thus students become far more expert_iri routine 
calcuT^ations than in interpretation or diagnosis. Obviously they learn 
best what they practice most. 

How can the teacher increase the students' practice in the other 
areas of problem-solving? By devising activities, possibly homework, 
where tHe focus is on the non-routine areas. For instance, rather 
than_asking_that_a prgblembesol ved for an answer, the same problem 
could be posed and the student asked to: 

(1) tell how he would solve it, 

(2) why he chose that method, ar[d 

(3) the order in which he would perform the routines in the solu- 
tion. 

_ Fluency in strategy might Be increased by posing a .problem and 
asking the student to describe several possible plans of attack with the 
advantagesLand disadvantages of each, and to decide which he would choose 
and why. Attention should be paid to making the student conscious of the 
decisions he makes and the reasons for them. 

If the emphasis of the lesson is on these question^ 

working out the details^ more problems can be posed and examined in a 
given jDeribd of time arid the students' attention is directed to the 
importance of this part of problem-solving. , 

Thus, it_vyould_ appear that by_careful ly examining the" particular 

problem-solving activities involved in an instructional episode, instruc- 
tlpri can be fine-tuned to develop a particular prbblem-solvirig^ 
The last sections of thi s chapter wi 1 1 be devoted to suggesting some 
ways of developing each of the skills iri the taxonomy. 

Teaching Routines 

There are obviously many .ways to teach routines since such a large 
proportion of teaching effort is devoted to teaching routines. ^ Some 
activitiesand media which seem particularly appropriate are listed in 
Table I. The list is by no means exhaustiv^s, but includes those items 
the authors have found to be effective. 

The_studerit_actiyities_and media_col_umris_are_pr6bably self explana- 
tory, but some amplification may be in order for the items listed as 
teaching techniques. 

The ideriti f icatibri bf rbutiries is an impbrtant first step^ The 
teacher should make sure in his own mind that the_item_tp_be_taught is 
a routine and then teach 1t as such^ He^should not glorify^the ase of 
a simpleequatipn intpsome hlgher-soUriding teaching bbje instead, 
he should show the students the proper use of the routine as a tool and 
tellthem that he expects them to learn tb use it accurately and quickly 
rather than worrying about the more intellectual issues he might raise. 



37 



29 



Teaching rbutiries in a formalized fashion is a direct outgrowth of 
the first technique. The teacher should help the student develop rules _ 
and formalized methods wherever possible. A good example of such forraali' 
zation is the development of a tabular solution for finding mpmerits of 
inertia of a composite body. If the table is properly laid out the solu- 
tion becomes extremely easy. 

__By always devoting a portion of every test to routine problems, the 
teacher impresses the student with the value anc!_necessity_pf routine 
and rewards the student for learning them: "Mastery" techniques are 

particularly useful here sinceitis easy to grade a_rqutlne oil a pass 

Or restudy basis, and thus to insist that important routines be performed 
at a very high level of accuracy. 

Teachin g Diagno ses 

Table II shows a number of suggestions for enhancing the teaching 
P f _ d i ag no s i s ._ _ Mb s t _ q f t he _ s ugge s t i q n s may b e s Umma r i z e das ma k i n g s u re 
that the teacher teaches diagnosis rather than merely expecting the 
student to learn it. This seems to consist of calling the students' 
attention to the diagnostic process arid makirig sure that tfiestuderit has 
ah adequate opportunity to practice it under some supervision: 

The authors have found it asefalto make use of rather heavy prompt- 
ing when the student first begins to learn the diagnosis process. This 
has the effect of making fairly sure that his initial diagnoses are_ _ 
correct, so that the student develops confidence in his own diagnostic 
ability and is not afraid of the process. 

A student's repertoi re_bf routines is rather small in the be^^ 
stages. It is usaally pretty.well restricted to what he has learned in 
the particular_course^_ The insertion of frequent unmarked review prob- 
lems forces the students to sort repeatedly through his bag of tricks _ 
to find the brie apjDlicable to the problem in hand. Inclusion of several 
topics on each exam forces the same sort of _ sorting and rewards success 
in it. As the students' repertoire fills with material from other 
courses^ it becomes 1ess_riecessary to consciously provide opportunities 
for sorting. They become inherent in the problems posed. 



Teaching Strategy 

Table III shows a number of means of_erihancing_skills_in strategy. 
Again the emphasis is oh conscious instruction by the teacher on ways to 
select strategies, and adeguate_practice by the stud iri making strategy 
decisions: It is important that the teacher real i ze he is teaching 
strategy arid that the studerit realize he is learning it. 

The teacher who teaches strategy must make sure that the student 
has valid alternatives among which to choose. This mearisteachirig 
several routines to achieve the same result, as well as teaching the 
student to follqw parallelrqutiries to differerit results am which 
results the student must final ly choose. ' A classic example of the latter 
is_the frictiqriprbblem which determines whether a given object will 
tip or slip under loading. 
30 




Probably the best way to teach strategy decisions is for the teacher 
tp_exp1ain the mental steps that lead to the choice of a given strategy. 
The teacher should act out or model the thought process that leads to a 
^ecision^ or actually think aloud before the class as he or she solves 
a new problem: 

Similarly^ the student activities which .seem to be most useful are 
e which ma ke t he s t udeh t 1 ay o ut h i s t h i ri ki rig i n s ome f o rm or an ot her . 
The student seems to learn best if he is required to do his thinking 
alood or on paper, since this forces his attention to logical develop- 
fferit rather than irituitiye leapSj and makes him conscious of the thought 
process as well as the end result: 



Teaching Interpretation 

TablelV gives suggestions for strengthening interpretive skills. 
They are aimed primarily at giving the student a wealth of data to iriter- 
Pri^t at presenting the data in as_many_forms_as possible,, It is 
somewhat easier to provide_occasions for the interpretation of data 

^^^^^•^Q /toj^he begiririirig of a rbutirie thari to prbyide bccasi oris for 

interpreting the outcome of the routine in real-world terms, but atten- 
tion should be devoted to both aspects. 

Once again the teacher has an important role as he models the ' 
Interpretation of data^ He is particulary_helpfu1 in the_begiririing_as 
he shows students how to convert observations into the basic data for 
a rbUtirie. 

Teaching Genej^t4^ 

Table V suggests a very few ideas for teaching generation^ Genera- 
^ipn is parti cularjydifficu to teach because very few people under- 
stand the means which they use to generate new ideas. Apparently the 
^^st pi an i s to provide opporturii ti es f or the studerits to attempt genera- 
tion together with encouragement. About the only elementary activity in 
generation which the authors have been able to devise is the sort which 
asks_a_studerit to derive in polar coordinate an expression he knows in 
cartesian coordinates: 

Until the teacher learns to produce new ideas on demand^ he is in a 

pb b r s i t u a t i b ri t b t e ac h 0 1 h e r s 1 0 do s b ^ Howe v e r ^ mb d e 1 i rig h i s own 

difficulties and their solution may be of some benefit to his students. 

Summa^ 'y 

._TSi|_paper has .presented a simple and potential 1^- useful taxpriomy 
of problem-solving activities. By its use.it.is possible to break 
prbbl em-sbl vi rig i ntb its separate hierarchi cal but ribri-sequential acti- 
vities, so that the attention can be focused on a specific skill. The 
paper has discussed the place bf the taxbribmy ambrig similar taxbnbmies, 
and has used it to look at several schools of thought on problem- 
solving: 
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Table i 



Spggestions for teacning Routines 
Teaching Techniques ^itudent Activities - Medi a^ 



Identify routines as_such HpSewbrk T^xts 

Teach formalized routines Practice problems Programmed 

instruction 

Put routine problems on ehalkboard work Audibvisuals 

tests 

Use "mastery" approach 



Table II 

Suggestions for Teaching Diagnosis 
Teaching Techniques Student Activities Media 



Teach criteria for diagnosis Practice problems Texts 

Prompt student toward which emphasize Programmed 

correct choice in early choosing the correct instructidh 

diagnosis problems method _ _ _ Audiovisuals 

Include review problems Practice problems which 

throughout course without emphasize recognizing 

i dent i f i cat i pn_as rev i ew__ di aghdst i c cr 1 teri a 
Cover several topics on each 

hour exarriihatidn 
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Table III 
Suggestions for Teaching Strategy 



Teaching Techniqoes Stadent Activities Media 



Teach multiple routines Prattice problems involving Texts 
for same result strategy decisions Programmed 

Teach parallel routines Lay out steps in asolution instruction, 

to alternative solutions Verbalize reasons for Case Studies 

Deyelpp standards of com- choice Design 

- pari son - Polya maps problems 

Describe relative merits 

_ of routines 

Explain why teacher chooses 
a particular routine 



Table IV 

Suggestions for Teaching Interpretation 



• Te&tijng Techniques Student Activities Media • 



Provide problems with Bt.ilding models Audio- 

excess infbrmation BJildi rig prototypes tutdrrals 

Give data in many forms. Collection of field data Special notes 

(verbal, drawings, etc.) Collection of library data Lab manuals 

Give some data in "real" Laboratories Handbooks 

form (cdmplete tables. Projects Case studies 

graphs etc^)_ Design problems 

Work with actual objects 

Model _teac he rls_ own inter- 
pretive process 



Table V 

Suggestions for Teaching Generation 



Teaching Techniques j Student Activities Medi a 



Give practice problems Devising a new path to a Current _ 

requiring hovel Use of known result literature 

a familiar routine _ Brainstprming__ • Special 

Give practice problems Design problems notes 

Involyjngnew cdmbinatibns Case studies 

ofroutines 

Model teacher^ s own way of 
attacking new problem 
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. The taxonomy. has also been used to describe a student's progress 
as he learns problem-sbl vihg skills, arid has suggested methods for expe- 
diting that progress. 

The taxonomy results iri a simple and pragmatic. ajDproach to teaching 
problem-solving and for that reason is is believed that it may prove 
yseful to others. __ It _is_present^^ but as a starting 

point upon which others may successfully elaborate. 



This was called "application" in an iaarlier writing on the Taxondmy. 
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This paper does no^ describe a course in probietn solving, al- 
though for many yeArs_we__ha>^^^ courses that we thought effec- 
tively taught problem solving. (i, 2)^ Instead we summarize the 
results of a five-year project to define the problem of how to teach 
problem solving. 

WHAT IS PROBLEM SOLVING? 

Djfihi^hg what we mean by sdlym^ not easy, A 

problem could be defined as a stimulus, situation for wWch an 
organism does not have a ready response^3) or formal_ly_ as "a 

specific situation or set of related situations to which a person nmst 
respond in order to function effectively in his envirbhmerit. The 
problem arises_whelh_ the. individual cannot immediately and effectively 
respond to the situation''. C*) We could formally define probl em 
solving as a "behavioral process, whether overt or cognitive in 
nature, which 



makes available a potentially effective variety of responses 
for dealing with the problematic situatidhs , arid 

increases the probability of selecting the most effective 
response from among these various alternatives". 



^o^^^^A P^rppses^^d^ simply 
as Lh_e_ activity whereby a best value is determined for an unknown, 
subject to a specific set Df cdnditidns. Within this activity we can 
identify XI) _a_ strategy^ Arocedure or set of steps by which we 
perform the activity, and (2) elements or skills that are necessary to 
^arry dUt the strategy ._ Some of these__e_lem_ehts weL will caJL pre- 
requisite skills and others we will consider to be integral parts of 
what we call prdblem sdlving. 

Now that we have attempted to ifefine problem sdlving, let us 
use what we know about it to try to define the problem of how to 
teach it. 

_ The first step, according to most strategies(^), is to motivate 
the problem solver to accept the need td sdlve the problem. Mdst df 




us accept that our students should be adept at solving problems. We 
realize _ that we _s^ _i_n solving prbbiem^^^ 

educational programs: We believe that most teachers are motivated to 
try to improve their students' ability to solve problems. 

The second step is to define the problem. This means that we 
need to identify the unknown^, the knowhSj__the_ systejii, the 
diagram, the criteria, and the constraints. The stated problem to be 
solved, is "how can we_teach prpbjem-splvmg skiU^ students?" 
In Table 1 we have identified the subpoints of this problem. 

In thinking about this stated problem we could ask: : 

What prerequisite skills are needed by the students? 

Is learning "problem solving" the real pLrobl_em or is 

it that the students just do not have the basic knowledge 
needed t_o_s^olve [irobienis?. 

What is the expected.hierarchy of skills included in the 

term problem solving? 

Do we really know the meanings of all the words used in 
Table 1? 



COLLECTING DATA: 

Our approach was to coHect data to try to answer some of the 
guestipns and to discover where a select volunteer group of 
students fits into the above problem definition. From thjs we_ then 
hoped to propose alternatives for solving the problem; to evaluate 
these alternatives; and to select and implement the best ones. 

We collected four types of data. 

First, we observed expert prbblem solvers solving a variety of 

problems : _ Second, we surveyed how others Jaught problem 
sblvingC^,^). Third, we attended different courses on problem 
: solving. Fourth, we sent__one_plrbfe_sspr back to schbbl tc be a 
student and attend all the required classes together with the regular 

students. __Thjs_prpfesspr was: 

1: to observe (as a student) the problem-solving training to 
which bur students were exposed. 

2. to identify the major difficulties pur students were having 
in acquiring skill in solving problems. 

3. to identify the necessary prbblem-sblving skills needed by . 
professional engineers; and to develop _the__ teaching 
techniques and integrate the training in these techniques 
into our four-year program. 

4. to improve the _skjils_M those stu^^^^^ us 
gain the information and experience outlined in objectives 1, 
2 and 3. 
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One of us started as a "freshman" in 1974 and is currently in his 
"senior" year, following the same group of students through thle[r 
PTogram. We use a voluntary, non-credit, two-hour-per-week tutorial 
to meet these four, objectives: Student volunteers meet once a week 
J^pcci^l room fo skills to discuss, work out and 

discover how they solve the ordinary homework problems assigned in 
the credit courses. To a very large extent, Jhe_stu_d_enlts_ them.selyes 
decide what occurs during the tutorial; they select the problems they 
want to work on; The professor's role is supportive, as a specialist 
^h how to solve, problerns, but not in the subject material of the 
courses being taken: His purpose is to assist the students to 
discover their difficulties anld jiow^ overcome them. To achieve 
this, the walls of the problem solving skills room are projection 
screens, the tables are arranged in an b|3en_ U formation, and each 
^Judent. has an overhead projector with which to project his or her 
ideas about a homework problem onto the screens. Thus all can see 
each other's ideas. _ _Ali_w same stage of solving the same 

problem. We call this an "Everybody-Share" tutorial approach. For 
example, all might be ''^^^^ of the system" for problem 

22.1 in the freshman chemistry course. 

Jn collecting this information through the problem-solving skills 

session we are walking a tightrope. On the brie hand we want to 
serve students _solvi_ng_ the_ assigned problems in their required 
courses. We are not offering a well-thought-out, well-planned course 
on problem sblyihg . On the pth er hand , if we do not .provide, h ej p_ to 
the students on how to solve problems they would not come to the 
voluntary tutorial so that we could hot test possible ideas on how to 
teach problem solving. 

For the freshman year this duality presented no challenge 
because, by means of the everybody shar^(^) arrangement and 
because we were focussing on ho\v_ to define Jhe _ problem^ the 
students, could learn from each other and we could observe the 
differences, the difficulties and the improvement. 

For the sophomore and junior years when the students had 
prbgressed to more complex _ behayjor in .solving problems, the 
students lack/"d the basic knowledge of terms, procedures ^nd 
processes pei tinerit to prp^ble^ sbjyihg- __Now the stuclents expected 
that some training be provided directly by the instructor. With the 
help of Dr: Alan Blizzard of the McMaster University Ihstructibhal 
DevelopmenJ _Center_ w introduce the hint sheet(^, V°) to 

briefly introduce and illustrate new ideas on how to solve prbblems. 
By this means we were able of attracting. a 

group of volunteers to the skills sessions and of being able to 
observe students solve prbblems. 



WHAT HAVE WE DISCOVERED SO FAR ABOUT PROBLEM SOLVING? 

Firsts many* we talk to suggest that the real reason students 
cannot solve prbblems is because the students just do hot have the 
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knovvledae needed to solve the problem. Folr example, st^^^^^ 
cannot "design a heal exchanger for a given duty" because the 
"udenl-s jus^l do not know enough, -bout heat transfer: This 
saqqestion is partly true. On - the one hand there are many 
JreroqUisiie sklUs needed to be able_ to so ye proWems but^ on ^the 
other hnnd there is a set of knowledge called Problem solv ng hat 
tsn be learned: The prerequisites that we would identify include. 

1: basic knowledge the students must __know ("the students 
must know enough about heat transfer"); 

2. memorizfid experience factors (they need to kriow 
reasonable Values for velocities of fluids in the heat 
exchanger, the usual sizes of cdmmercially-availab e units so 
that they can judge when they have a reasonable answer; 

3. communication skill (they are required to communicate the 
answers to the receiver); 

4 learning skills (students have to be able to obtain any 
missing information and overcome any weakness in basic 
knowledge they might have); 

5. group skills (the students must be able to work effectively 
in groups as well as individually); 

6. motivatioh (the student is willing to try to design the heat 
exchanger) . 

Concerning problem solving, we classify __it into two activities: 
the strategy (or sequence of steps that one follows to travel from the 
Sknown to the best answer for the unknown), and the elements or 
skills (other than the prerequisite skills) that are needed to 
effeaively Ipply the strategy:^ included in the elements are an 
ability to 



1. analyze 

2. synthesize 

3. make decisions 

4. generalize 

Since synthesis is a combination of creativity, ^analysis arid 
dec sion-mak^S we modify the list to; (1) analyze (2^creme. (3 
make decisions and generahze. Details of. this are available 
elsewhereC). 

we can now focus on each of these activities and jdentify_jev^^ 
of development. Such can be done following either Bloom s 
?Ldndmy('^Tor Sister Austin Doherty's excellent identification of the 
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develpiDmerital levels. (*^) For problem-solving_ strategies, for 
example, these Ieve|s could be those listed in Table 2._ For _ the 
prbblem-sblving element creativity, these levels could be as qiven in 
Table 3. 

Concerning the steps in a strategy, we asked expert problem 
solvers to apply Pblya's four(^^) step strategy to solve engineering 
problems.. The experts used anoth^er step sometJiing in between 
defiriing the problem (Polya's step 1) arid jDlaririirig (Pblya^s step 2). 

_ tjijs additibi^^^ tKe experts tried to put the whole problem into 

perspective; sometimes they would make many simplifyirig assUmptibris 
and solve a simplified versibn_ bf th_e_ .problem, just "to see wJSat the 
problem was all about". Fuiler(i^) describes this aclivity as "poking 
the problem to see hbw it respbrids"j _Crowei _ talks about 
ruminatiM_Qf _ the problem while Rief(i^) talks of solving the probtem 
by successive- refinements(i^). This prbmpted Us to break _Polya's 
^i^st step, dejine, Jntb two steps: _ define the problem (as it is given 
to us) and think about it (mull i^t over, identify the real prbblem, 
identify the sensitive parts bf the prbblem, kick it around and see 
what happens). (^) 

In siimmary, we perceive problem solving: 

1. as havirig six prerequisite skills 

2 • 3S cbrisistirig of a _s trategy plus _ four .elements : creativity , 
analysis, decision-making and generalization 

3. as havLng at_ least five, levels of developmental skill in 
applying the strategy and each bf the elements 

4. as including a five-step strategy: 

WHAT HAVE WE DISCOVERED SO FAR ABQUT STUDENTS? 



Our .data a bout _ the s_tu_dents came from a variety of sources. 
The prime source was the dozen volunteers who came to the prbblem 
solving skills sess^^ _wee_k_fpr the;, past . three years. They 

were about half the students registered in the course and represented 
a spectrum of abilities as measured by the jgrades t_hey_ recejved in 
their courses, A second source oL information came from the 
non-volunteer group of students. Sbrrie bf the tutbrjal_s in the 
required cpuLrse_s_ were. jointly by the instructor in charge of the 
course and by the problem-solving skills tutor. In this way we cbuld 
compare in-class activities in solving problems .between, those who 
attended the skills sessions and those who did not; A third source 
of information came from bbservatibri sessibns run for educators^ 
Sca^uate students ,_ professional engineers, and student groups in 
which no one had participated in any problem sblvirig skills jpribr to 
obsery^tibri session information came from 

the responses to our questionnaire and from our reading bf the 
literature. 
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Here are some of our observatibhs. 

1. Our senior, stude_rLts__ and „ f^^^^ the graduate 
students and sophomore students, educators, and graduate 
engineers from other institutions have common weaknesses 
in solving probiems. 

2. Students do not have an organi_2ed method of defining or 
thinking about problem solving; They just "do their 
thing". To _ma_nyL_ this meant starting to solve a problem 
with whatever came into their head first. To others IJhis 
meant that they tried to locate a worked example problem. 
Still others found they just did hot have .confidence to do 
anything; getting started on solving any problem was just a 
traumatic experience. __W_hen_they_ibt "stuck^^^ solving a 
problem, few ^ould describe where they were, what was 
causingL the diffrcuLty and what bbstade they trying ^° 
overcome: In trying to develop plans for solving j)roblem^^ 
too many students try to solve problems by "playing around 
with the given symbols and _data" until they find an 
equation that "uses up all the given information". Such a 
dependence means ihat^^ the studerits cannot whjsn 
they are given probiems where too much or insufficient data 
are given. 

In summary "doing their own thing" did not provide 
satisfaction to most of the! problem _ solvers a^^ 
what they were doing was. reinforcing what we would 
identify as_ bad_lhabits._ Our observations yvere confirmed 
by the correspondence of Doyle(^^), FuUerC^,^) _aiid 
VanL Wi_e_(20). Counterbalancing this, when we gave 
students specific assistance in_ __ improving their 
problem solving skills these are theij comments; "this 
experience opened my mind_", "now I have a new awareness 
of how to look at a problem" and "the best thing I gained 
from this experience _ was confidence; I no longer panic, 
when I see a new problem I just patiently start to apply: _the 
problem solving strategy". These illustrate the deficiencies 
as perceived by the students. 

3. Students cannot. d_escr_ibe__wh_at _they do when they solve 
problems: If students are asked "What are you doini?" 
they usually, can say little more than "solving this 
problem". Few have been exposed, to any formal strategy 
for_ solving problems, hintu on how to improve 
problem-solving skill or learning skills. We assume that the 
students know these skills and few do. Yet this is not _a 
difficult task _ for _ educators . After about 10 hours of 
problem solving skills sessions, the _ volunteer __grbUp 
identified as the most significant thing that had happened 
was their ability to describe what they were doing, to talk 




to each_ other abb^^ how they were solving prdble^^ to talk 
the same language, and to be able to identify where they 
were stuck in the prdblem solving proceiss. 

4, Students were weak in many of the prerequisite skills, 
Learni n§ _sknis_ such as _ how to _ bu d§[et time , how to 
separate important information from unimportant information, 
^ipw to take lecture riqtes, how to see the "structure" in a 
subject - were weak among freshman students. Bad habits 
acquired here perlsisted in our senior students. Good 
lecture note-taking is a skill, that few students in_ science 
and engineering seem to have. How students learn new 
knowlfcdge could be a _kj2_y to imprbvirig prpjblern soiyin 
Our work with the students to identify a structure within 
the subjects being learned, the difficultieis dUr students had 
in identifying pertinent fundameritals. needed to _sj)l_ve__a 
problem; the role of symbols in problem solving and the 
discpyeries of Rief and Lar_kinl21^22j -_these all confirm the 
importance of how new knowledge is acquired; 6ur obser- 
vations were confirmed in part by the responses of 
Snyder(23), Walters(24), Aubel(25), and Fuller(15). 

5. Students were weak in at least twpl 6f__the_fbur el_e^^ 
creativity and analysis (we have insufficient evidence on 
decision -making, arid gerierah zatiori ) . _ Students did riot know 
many techniques for improving their creativity. Often 
students cbrifUsed creativity with critical thinking. By doing 
so, they hastily rejected a novel arid imagiriative idea 
withdUt giving that idea a chance to be explored: 



Most suffered from mental rigidity when they get stuck 
on a prpbllem.__ They coU^^ apprbach the problem from a 
different direction very easily. 

Examples may illustrate some of what we observed. 

Case 1 . In the skills sessibri jhe students were stUck bri 
a "simple" integration problem: One who was able to see a 
method was riot able _tol_ describe hbw he had thdUght of the 
method, while all the rest could not think of any method at alL 
We had iritrbdUced br^iristbrMng earlier. When we tried a 
brainstorming session together with a folLow-up analysis, sessibri^ 
the students discovered three methods of performing the 
integratipn , _Thus^ _ wh^ a riew technique 

they discovered ways of solving the problem. 

ease 2. In the skills session the students _welre_ stuck bri a 
prdblem in electricity and magnetism. The hint sheet for that 
day had described de BorioVsJuxtajx^^ techriiqUe(2bJ in which 
three random words are placed into the context of the problem 
and_ some relatibnship sought betweeri thbse wdrds and the 
problem. The students were dubious. Yet when we then tried 
the methbd Using the rariddmly chdsen words "monster, airplane 




and problem" we were able to identify several possible methods 
of solving the problem. Here again the students were stuck and 
could not see where to go. They lacked confidence in applying 
a new technique. 

Case^ 3. in a required sophomore class tutorial which 
included both students who had attended the__skil_ls sessions, and 
students who had not, one who had not attended the sessions 
was stuck. He could not see what the prdblem was all about. 
We_ suggested J_hat_ heL try "personal imagination" in which he 
imagined that he was part of the problem and described how he 
^slt. He could hei_ther_ do this n^^ assistance from it. One 

might argue that perhaps this "persona^ imagination" technique is 
not imi5drtant to this student. Hbwevej , "persbna^^ 
yyas Later used by two professors in two different courses in the 
junior year, in order to explain complex phenomena. Students 
iri these classes_were asked _tg_ "visualize that you are riding 
along on a streamline", or "visualize that you are in the bubble 
in this fluidized bed". Thus, a techmque_imp6rj:anj: for solving 
problems was also used by instructors as a learning device. 
Hence the student who was unfamiliar with this 'or Unable to 
apply it was at a disadvantage. 

Case A . In_ J:he__skills session^^ _th_e students could solve 
simple analogy problems(27) very weJl but when they were given 
analogy prdblems wri tteh in technical ierms_, they had difficulty . 
These observations are confirmed by those of Wailach:(28) 

In summary, _the_ students did not know how to create new 

ways of viewing situations nor how to analyze situations well. 
To overcbme thi^^^ the .(LonscLbus jntrbductibh bf a variety 

of procedures and practice in applying each. 

6. The stucients as a group have a variety of needs J:hat 
change markedly throughout their college careers. (^J This 
we _de_tect_e_d_ _ because bf the students' responses to the 
question that opened each problem solving skills session, 

"What do ybU Jya he to wbrk_ on _tbday?" The re^sp^bnses 

ranged from "What is expected in our up-coming laboratory 
repdrt?" to "hbw can I go abbUt getting summer 
employment?" . This has important implications. We cannot 
just insert a course on problem solving skills at any place 
ih the ___cumculurn. _Rhat_ever__ experience is introduced 
should be done when the students need it: This spectrum 
df needs we have tried tb idehtify(^, i*^). 

7: The students as individuals have a variety of thinking 
preferences. Some _ prefer, to visualize concepts, ideas and 
problems. They see the ideal gas law as gases in cylinders 
^hd yisUalize how the vblUnie an^ in .that cylinder 

change with changing conditions. When faced with a 
prdblem they start drawing diagrams and imagining 
experiments that they have seen or done. 




Some prefer to "tnathernatize" concepts, ideas and 
problerns . They see the Ideal gas law as an ecjuatiph 
pV=nRT: When faced with a problem they start by 
cohyertmg everything into symbols and setting up 
equations. 

Some prefer to verbalize concepts, ideas and problems. 
They see the ideal gas law as a definition in words. When 
faced with a problem they try to relate word definition. 

Thus ..students are___visualize_r_s , __mathema_tjzers__pr 

verbaiizers. (^,^) in another sense the students have 
different preferences - they need to have an opportunity to 
develop their own 5tyle - to discover what problem solving 
straj^gies and hints work best for them. For example, in 
develppjng _a .plan some students prefer _t^^ explore working 
backwards tactics first while others prefer to work forward 
via the sub prbblerri For some juxtajDosi- 

tion(2^) works; for others, it does not. 

The approach we took in the problem sc)lving skills 
session was to introduce the students to a wjde variety of 
su§geAtions _and_ hints and t encourage the students to 
develop their own style(^,^^). 

8. The students would freely discuss their difficulties and the 
struggles with problem solving in a non-credit setting such 
as we used in the skills sessions. Yet they, felt that they 
could not do so if the evaluator in the course was running 
the session. 

9 X Pn! Y problems assigned in the required courses would be 
\ solved in the skills session - that was the original intent. 
But some important types of prdblems were not assigjied ^ 
s^ome. to test certain j:reatiye skills.,. sbme_ if test_ analytical 
skills, some team project problems and some lengthy 
projects. When _such "extra** pro^ intrbduced in 

the skills sessions to provide the variety of skills we . 
wished to observe, some stu^ rfiticent, some stopped 

coming, and eventually these types of problems were either 
abandoned or modified. Thus, the students wanted to 
voluntarily work, on _jDrc^^^ that .were _directJy for .c^ 
credit - even though they accepted and recognized the 
eventual benefit to bi gained from working bri the other 
type of extra problems. This reaction is very under- 
standable because of the weekly pressures from assignments 
and th^ relatively heavy time demands that we place on bur 
students: 

ib. Students have difficulty with apparently simple tasks that 
most iristructbrs take for granted that the s^^^ do 
well. These include drawing good diagrams, locating a 
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coordinate axis system, identifying the system and choosing 
symbols to represent concepts, variables or unknowns. 

In summary, the students 

1: have common weaknesses that can persist well into their 
professional career. 

2. do not have an organized method of thinking about prdblem 
solving. 

3. cannot describe what they do when they solve problems. 
A. are weak in prerequisite skills - especially learning skills. 

5. are not strong in creativity or analysis. 

6. have changing needs as they progress through a college 
program. 

7. have a variety of thinking and problem sbKing preferences. 

8. prefer a non-evaluative atmosphere to discuss difficulties 
with solving problems. 

9 • fi rif je r j_ _ i n a y olu nta ry a c tivi ty ^ to _^6r k on required 
problems for which they will receive credit. 

/ 

Id. had difficulty _ drawing diagrams, locating coordinate : axis 
systems, identifying the system and choosing symbols. 



WHAT HAVE DISeOVERED SO FAR ABOUT TEACHING PROBLEM 
SQLVmG TO STUDENTS? 



So far We have described the data collected to help Us define the 
meanings of the terms "proJilem solvihg'' and "students". What have 
we learned about the word "teach?" 

Since September 1974^ one of us has sat in over 2000 hours of 
lectures that constitute all /^e^ first three 

years of our undergraduate Chemical Engineering program. 

_ _ What type o^^ is given the students to improve 

their problem solving skills? 

1. Only one professor consistently: and clearly identified the 
strategy steps he used to solve prbblems . While others 
used strategies, tfiey did hot say such highlight words as 
"let*s define the problem first", "now let's develop a plan of 
attack" etc. 



44 



2- W^ny dp an butstahdih§ Lol)_bf_yerHalLy thinking out loud 
while they are working problems at the board, although 
they do not highlight what strategy step they are working 
on .__ However, these details are not recorded on the board: 
Because the students in science arid erigiirieeririg usually 
cppy_ down only what is written bri the board, these ideas 
are missed: 

3. A few instructors ask the students to offer suggestions on 
how to go about solving prbbleifhs. Concerning this 
approach, 

(a) if the students k^ep quiet for 30 seconds they know 
that the instructor _wilj answer the posed question himself 
or else he will rephrase the question into a simpler, leading 
question. 

(b) if a suggestion is given then rarely are all the 
aJternative suggestions sought arid then evaluated ^__UsuaLly 
the_ instructor criticizes each suggestion as it is posed and 
stops when he gets the suggestion he is Ibbkirig for. 

4. Each instructor worked problems wjth which he was 
familiar. Hence, the iristructor Jiever jd_id__ribr _ had _ to 
demonstate what he did when he got stuck on a .problem: 

5. Few ih_str_uctors explain the very, very simple steps such as 
how to draw a diagram^ how to locate a coordinate axis 
system arid how to simplify a problem. 

6. The studerits are riot- exposed to_ prbyems_ _that ^ have 
different degrees of difficulty. They experience, in our 
judgment, too many of the- — very elementar y ty jie^ 
•*show>me-tha_t-you-_know-a-concept . " Yet we expect them 
to be proficient^ at solving the most complex synthesis 
Pro^Jins with v^^ .practice at sojyiri^^ problems with 
intermediate levels of difficulty. To illustrate this, we have 
coded all the hbmewbrk prbblems bur studerits were asked 
to do in all courses over the three years. Bloom^s 
taxonomy(^2) ygg^ ^^^^ prbblems. In three 
years the students were asked to solve about 



2200 prbyemls_j3i _Blbbmis_ 1^^^ l and ? CCdgnitipn and 
Comprehension: givea a familiar situation, the 
student wiU recall irifbrmatibri arid use that to 
solve a recognizable problem). 

30 prbbleins_pf__Blopm's ley^^^ given 

an unfamiliar yet weij-specified situation,_ the 

student will ideritify^ the pertirierit kriowledge and 
then exhibit comprehension). 

510 problems of Bloom's level 4 (Analysis: given an 
unfamiliar and ill-specified -situation that contains 
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missing datau, unsta;ted assumptiohs or Jhcphsisteht 
data, the student will identify the omissions and 
inconsistencies^ wiU. __re_co^hLze_ Jth^^ relevant 
particulars, will collect tHe required data and 
ipake th_e_Jiec_e^^ assumptiohs, arid finally will 
exiiifait application); 

10 problems of Bloom's level _5 (Synthesis :__§iven _a^h 
unfamiliar and ill-specified situation, the student 
will create alternative _sbl_utibhs_ that 
selected criterion and then exhibit analysis). 

This concern for a structured buildihg-up of 
experience has been described by Plants and Dean. (30ft) 

7. Across the whole spectrum of teaching-learning interaction 
the student does hot get the irhpressibh from instructors: 

(aj___that problem solving skill ger s§ is a skill to be 
learned. We hear instructors exiiort '»you must be able to 
communicate", "ydU must know these fundamentals", but we 
do not hear "you must pMsh __up_ J^Qur__skil] _ in sblyihg 
problems". Indeed, the failure by professors and students 
alike 'to recognize _ that_ problem^ 

legitimate educational goal has been emphasized elsewhere 
by Neufeld(3i). 

(bi that all ihstructbrs (when they work examples) are 
demonstrating a common skill. 

8. Our coUea^ues could hot beU^ *^egree or 
type of diffipuity the students were encountering u^til they 
tried the "Everybody Share" tutorial format. 

9. We can identify sufficient processes and terminology Sat 
' the student heeds to Jearh_ about jroMem _solying tha^^^ 

separate course on problem solving might seem appropriate. 
Yet the. weakness, in _MvihS__a sejparat^^ is that the 

students seem to have difficulty translating the skills 
learned in such a cbUrse to solve problems outside the 
course(^23. Although we have not tried such an^ approach 
directly based on dut* observations, we would concur that a 
major challenge is to gelt thle Mudjhts_ to_be^a^^ 
skills learned in a separate course to problems outside the 
course . 

As__a _sidehbte, we have naturally observed how well various 
teaching techniques have worked _ih_ jgehera_l . _ Most of these 
reinforce ideas already presented in such books as McKeachie's 
"Teaching Tips"(^y but_we_ felt that it was useful to rein 
some of the more dominant factors as we have, experienced them. 




These include 



(i) eiearly-stated course objectives are impdrtaht. However^ 
these^_ Objectives, have to_ be reinforced throughout the 
program to gain the optimum effectiveness. It is not 
sufficient to hand out a list of course objectives at the 
beginning of the term. 

(ii) An bye^^aew is necessary. Course outlines aris helpful^ but 
the questions students have are why is this impdrtaht? 
where does this_ fit into is the practical 
significance? what will be the major tliemes in the next set 
df lectures? where are we going? 

^e should assign the next lecture sQ 

that the students have the opportunity to come to lecture 
prepared. 

(iii) for classes of 150 or more - if one uses an overhead 
prdjectdr then twd prdjectdrs_shc)uld_be used sol that there 
is continuity about the presentation. if one uses the 
blackboard, TV chalk should be used td prdvide a thicker 
mark_.__ A good chest-Mcro phone system may be 
necessary ^.^ For ajl questions asked, the questidn shduld be 
repeated__sb _that everyone in _the auditorium can hear. _ For 
the large classes we should anticipate that some time , 
sdmedhe is going to thrd^ J^APler airplanes; one heeds to 
decide ahead of time how to handle this. 

(iv) Some _ lelcturers Jielp the students recognize what is 
imporJ:ant by emphasis during lecture, dr by marking a 
"review sheet" that the students prepare and bring to 
tests . 

(v) What hapjiened to the demonstrations and in-class 
experiments? 

(vi) For note- taking in the sciences and engineering, the 
stujlehts_ quickly .develop the habit of writing down only 
what is recorded on the board or transparency. 

(vii) with rare exceptions restlessness starts about 20 minutes 
after a lecture begins. 



SOME INTERIM IDEAS. 

r 

We haVe emjphasized Sroughout this paper that we are trying to 
define the prdblem df hdw td teach prdblem sdlvih^; we are_ not 
indicating what method should be used to teach it. Yet some of the 
results Sd far have been so surprising arid disturbing td Us that we 
have_ already made a number of changes in how we teach our usual 
courses. Here is how the data summarized in this paper have 
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influenced us already and some ideas about, how to try to overcome 
some of the challenges to teaching problem solving. 

Our first revelation was how much we have Jearned about 

problem solving. Each of us when we Jitarted this project thbUgh 

knew quite a lot about it: Yet in -hindsight we knew very little 
compared with What_ we Jcnbw now. This been a very humbling 
and rewarding experience: Of great benefit to us has_ been our 
continued analYsi_s__of what problem solving really is: A- second idea 
concerns- the strategy of solving probiems. We acknowledge that most 
of the focUs Oh teaching problem solvmg will ±)e on the strategy. 
Nevertheless , although there a_re_ ai^parent differences among the 
various strategies proposed, we thiak that it is vital for an instructor 
to identify one strategy _and highlight it as being the backbone 
behind all examples he works. We have done this now_in two _qf pur 
courses. _We emphasize the application of a consistent problem solving 
strategy of: define, think about it, plan, do Jt _and_iook back, We • 
try to identify and label the steps i^n each example problem worked. 
We use consistent term^inplogy. __ Sometimes it he to have worksheet 
transparencies made up ahead of time that are then completed in class 
for every problem. 

_A _third resUlt is that we have added a junior level couroe^ in 
"Process Model Formulation and Solution" that blends jDroblem solving 
more explicitly with numerical methods: 

concerning the prerjequisites, we now ask our students to collect 
ahchromplete experience factor charts. 

Wc_ are .extending the sections on creativity and analysis that are 
given in a senior leyel required course_arid have changed m^^ 0^^*^^ 
problem assignments so that they test different elementary skills: 
some assignments require that the_ students list the steps to be taken 
to solve a problem (they do not detail the steps nor actually, calculate 
an answer); some assignments test analogies; others test analysis in 
general: 

Another activity that is not easy :_to apply cdncerris 
"visUalizer" versus "mathematizer"- in each of us. One step that we 
have taken is to try first to identify our own preference. 

This can .usually be_ discovered easily by writing dowa the 
definitions or ideas behind some basic laws in pur disciplihe. If. all 
our definLtions are equations; then we look for "mathematizer" ten- 
dencies in our teaching. If all oux definitions are diagrams and 
graphs, then We look for "visualizer" tendencies. Once we_ have 
identified our own tend_encLes the next step is to identify those few 
fundamental cDiicepts that are cornerstones for our cours_e. For these 
cornerstone ideas^ we are trying to present these from all three 
viewpoints. For example, one would describe the ideal gas law by all 
three definitions: 
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- graphs and derhdhstratibhs as to what happens 

- an equation pV = nRT, and . .. ... . 

- word defihitibris and relationship to Boyle's arid Charles' law: 



SUMMAR¥- 

Tc define "how do we. teach problem solving 5>kiiis to our 
students?'' _w(L collect from guestLpririaires, from the literature, 

from expert probi;}m solvers and primarily from a group of student 
ypjuriteers whp_ we are observing as they progress through our 
four- year undergraduate program. To observe the students pne_pf 
Us has become a fellow student, has attended all the required classes 
along with the students, and has_ offered _a_ separate problem solving 
skills session which, on the one hand, allows us to try to improve the 
students' _ skills _ and, bri the bther hand, allbws us to bbserve the 
students difficulties: 

We perceive problem solving as having six prerequisite skills: 
basic knowledge, memorized experience factors, communication skills, 
learning skills, group_ ski_lis_ arid_ mbtiyatibn^ Probl_e_m_s^^^ consists 
of a strategy and the four .elements: creativity, analysis 
deci^iph -making and Meheralizatibn. For each of these later activities, 
we can identify at least five levels of development. 

The students have weaknesses that are common, to__all_Leye!s _bf 
undergraduate studentis, to graduate sjiudents and to practicing 
engineers. Most students dp not _have__an .organized methbd of 
thinking about problem solving nor_ can they describe what they do 
When they are .solving problems^ Prerequisite skills , creativity and 
analysis these are all areas where the students showed 

weaknesses. The students had needs that changed throughout the 
program. Each student had his own. preferred. _way _ of _sblying 
problems. Students had difficulty with such ^ tasks as ^drawing 

diagrams , locating the cpprdinate _ axisL, i_d_e_nJ:ifYih§__the system arid 

choosing symbols: The non-avaiuative atmosphere worked well in that 
the students_jvere quite willing to talk abbiit their difficulties in 
solving problems. However, for any voluntary activity they strongly 
preferred nbt to work bri problems Uriless they were problems for 
credit within the credit course structure. 

We summarized a humbler of pbseryatipns^^a^^ 
solving and listed some interim ideas about what might be done to 
imprbve the teaching bf prbblem sblvirig. 



Tabic 1: Ail Attempt to Define the Problem . 



Uhkhovvh: "how dc we teach problem solving skills to our students?" 

or 

"how Can we provide an environment iso that our students 
learn the skills necessary to solve problems?" 
Known: - age of students: 

- numerical grades and formal titles of background experiences 
Verbal examples: 

Instructors solve problems. 
Written examples: 

Textbooks have sample solutions. 

- resources available: 

- time available: 

System : Four year program consisting of 104 weeks. the faculty 

available can be identified. The University resources 

available can be identified. 

Diagram : Student ^ ^ " ^ , Student 

leaves 




Lea rhi heL 
resources 



dollars facilities faculty 
Criteria : Competence tests at various levels. 

Constraints : dollars , facilities , time faculty , learning resources 
available. 
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Table 2: Some SgRRested Competence Levels for Probleiii Solving 

Level i i state the steps and substeps in a strategy to solve 
problems. 

i state. the limitations to a seriaiistic application 
- of SQch. a strategy. 

• state the relationship between,^ creativity, 
decision-making and generalization and the steps and 
substeps. 

• state the characteristics by which we classify the 
different types of problems. 

• state the.relationship. between. th'^^ type of problem 
_ to be solved and the steps in tfie strategy. 

• state the prerequisites, 

Level 2 i Given a problem to be solved, recall the . stated 

P^°^.l^'".Aol^^^^ elements and apply 

these to solve the problem.. All. the data, necessary 
to solve the probleiii shdiild be given in the problem 

st_atement. < 

l£vel 3 i Given a situation where it is not evident that a 
problem solving strategy is required identify, when 
the strategy and elements. should be applied, then 
show comprehension as in Level 2. Examples include: 
detection problems, 
personal problems, 

coijunity. problems, 

trouble-shooting problrs (where the strategy 

needs to be applied, several_times), 

plant improvement situations, 

writing a report, 

. _ _ _ . group problem solving. 

Level 4 ( Analyze what you do when you api)ly the given strategy 

and identify personal preferences about steps and 
_ _ _ _ elements; 

l^vel 5 I Develop your own strategy for solving problems. 

Via ~ 



Table^^ Sbrtie Suggested Cdmpetence Le vels for Creativity : 



Level 1. 



Level 2. 



Level 3. 



Level 4: 
Level 5. 
Level 6. 



Level 7: 



State the defihitibh of 

the brairistbrrriirig atmosphere, 

state the definition of a trigger, 

list at least ten different triggers, their definitions and their 
attributes. 

As a group, use the knowledge of Level 1 to generate 
at least fifty attributes or uses of an object. 
As a group, use the knowledge of Level 1 and the 
experience of Level 2 to generate at least fifty ideas 
for a given situation. 

As an individual, generate at least fifty attributes or 
uses of an object. 

As an Individual, generate at least fifty ideas for a given 
situation. 

Analyze what you do when you brainstorm and identify 
personal preferences. 

Develop your own method of thinking up ideas. 
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STRUCTURE AND PROCESS 



IN PROBLEM SOLVING* 



Maynard Fuller 

McGill Uhiversijty 



- - Geza Kardos 
Carleton University 



Why should engineering students learn problem solving? The ques- 
tion is like asking » "Why should birds learn to fly?" One of the 
dbmihaht patterns of engineering thinking involves composing a state- 
ment of purpose in the form of a prbblemi mbdifying the problem to___ 
give hew problems that are solvable by available means, solving these, 
and then selecting: one or some cQmblriatibn_bf_these_as a sblutibn to 
the original problem^ A vast amount of experience shows that this pat- 
tern of thinking is a gobd yyaiy bf_achieying_g This is why erigi- 
neering students should learn problem solving. 

How can the student learn this thinking pattern? WelU we all_ 
know from experience that simply giving a student a stack of prob=- 
leras and telling him to solve them works j but_ is less _than_uniyersally 
effective. Here we propose a more effective method for teaching the 
process of problem sblving^ _The methbd_applies to the cpmpn single^ 
answer problems that are usual ly given as practice of the concepts i 
laws and rules that students_study in their courses. These are 
"Determination problems. " We are not advocating that this class_bf___ 
problems sl>bXild be more prdmiheht than it already is: Indeed, if most 
students were more proficient in sbl vin§_deterrninatibn jDrbblems, there 
would be more room for other classes of problems. 

The method presented here is based upon one of two kinds of prbb- 
lem-structure mapjDing suggested by George Pdlya (1), hence the name 
"Polya_Map. " The use of the Pol ya Map was deyelbped_at_McGlll_in_ 
1972-73 (4) and has since been used in courses in creative problem 
solving and machine design at Carletbnj_and_in an elementary mechanics 
course at Marianopolis College ("Math in Motion," Dr. J. M. Browni 
Marianopblis Cbllege,^ Montreal ). __The method is thus relatively new, : 
and has been used for eight classes of studentSi in four different 
courses, by three teachers. It works! 



♦Adapted frbm a paper presented to the 85th Annual Conference of ASEE, 
1977. 
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What Is A Polya Map? 



In his classic, "how to Solve It," Polya (2) points out that the 
sdlutidri process should have four stages: 

1. Understahding the problem. 

2. Devising a plan\ 

3. Carrying out the plan. 

4. Looking back. 

The Polya pp IS an aid for stage two. _It_l5_a_§raphlcal_way_of_pre 
senting the/problem structure and it becomes a plan for the solution of 
the probleiti'. 

The Preliminaries 



Before a plan for the solution can be formulated the problem must 
be dissected arid uriderstdbd. 

Most prdblem statemerits dd ridt explicitly give ridr identify the 
principal parts of the problem. They are usually mixed with various 
kinds of background informatiori and extranedus data. The first require- 
ment^ thereforei is to separate and identify the principal parts of the 
problem. This may seem trivial, but it is vital. 

Understanding.the problem- is essentially the same- for any problem- 
solving method. After carefully reading bver_the problem stateme^^^ it 
is dissected by asking these c^uestions: --What are the unknowns? 
Identify arid write them ddwri. --What data are needed? Make a list df 
all data likely to be involved. —What data are given? —What rela- 
tions (algorithms) are available that relate the data td the Urikriowns? 
r-What are_the_cpnstraints? --Can we draw a diagram with the data and 
the unknowns identified? --Can we now express the problem more simply? 

Are thereany concepts that_are_new_to_us_in_the_prQblem Look them, 
up to understand them_and_integrate them Into the problera.^ — Are there 
^riy ^elatidris missirig? If so, w^^ they be obtained? -- Are the 

constraints contradictory or redundant? 

After this Jt_is worth reviewing whatwe have, _We_ may want to 

'jiodify our information. We should be_certain we understand the prob- 
le!5 sufficiently to know generally what we want_tp achieve and_how_we^ 
can get there. Complete, detailed understanding and identification of 
every bit of data arid every relatidri Is ndt esseritial; drie furictidri df 
the Polya map is that it allows us to proceed and identify the missing 
data and relations as we go along. If the problem is Uriderstood, the 
inost efficient_thin§_to do is to first search our mefnory to see if we 
have solved this kind of problem before. If not^ then we can proceed 
with the plan for solving the problem using a Polya majD. 
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Cbmpbnerits of a Polya Hap 



Tp_§enerate a prbblem-sblyln^ vye need a way of concisely ex- 
pressing the stractare of oar problem. -The plan-must display the in- 
t^rrelatiOTship pftheyarlous principal _parts_bf the_prbblem without, 
being cluttered with the details of the necessary manipulations. Once 
we are assured that the stnjctur^ 

tipn, wf. can then introduce the details. With a properly-constructed 
plan, the puzzling aspects of the prdblem disappear. All that remains 
is_tb_carry_but _the/orderly_ routine ca^ culations. or transformations to 
obtain the desired solutions. The Polya map is the device we use to 
display this problem structure. 

In the Pdly^ ^^p a variable or d^ fe_a_lettir 
symbol in a small circle, relation between_var1ables is represented by 
an identifying number in a small square. To show which variables are . 
inyplyed in which relatibns , lines are drawn joining the relevant cir- 
cles and squares. Thus our map consists of circles and squares joined 
by lines in a pattern that shbws ti.e interrelatibns within the problem. 
Note that a circle cahridt be jdiried td a circle arid a square cannot be 
joined to a square. 

If we_haye_ the variables x, y, z, s, t and they are related by the 

following functions, 

1. z = f{s,t} 

2. y = g(x,s) 

then the structure can be represented by the following Polya map: 




There is hd implicatidri that the fUrictidris 1 arid 2 are explicit. 
The only requirement is that, in principle, if we knew the values of 
all but drie df the variables involved we cduld deterniirie the Uhknowri 
one, by some bperatiori. The structure thus tells us that if we know 
X, y and t we can determine z. 
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Here we see one of the advantages, of the Polya maj?. . We do hot _ 
have_to_estab]lsh the_exact forms of the algorithms relating the vari- 
ables to be used in the solution at the outset. It is sufficient_tp__ 
know that such relations exist; this can often be done by simple physi 
cal reasoning. Thus. the problem structure can be fojtnulated without 
establishing all of the detailed operations. 

Similarly, there 1s no requirement that a variable be a single- 
yalued_function_of_the_pthers^__If_1t^^i ah additional step ivi^l 

be needed to distinguish between the values. The recognition of this 
adds to the uriderstahdihg of the problem. 

Cdhstructinq the Pdlya map focuses our attention on the relations 
Lfrtween variables. In putting. tiie niap. together we_djscbyer whe 
intermediate varifbjes are necessary and .where additional algorithms 
may be_rieeded. _ We_also_discoyer wha^ inforrriatibn 1s redundant. 

At first glance a finished Polya map looks a bit like an infortna- 
tipn flpw dlagram for a computer prog ra^^^^ resemblance is only 

superficial. Most Polya map links are reversibre_and_there_1s no In- 
herent sequence in Pdlya map operations. Rarely are-branching and 
looping operations used as in computer . programs. Pdlya Maps are fdr 
pedple, hdt machines. ^ 

Cdnstruct ^ng a Polya Map 

- Although each Polya map is unique, their construction can begen- 
erallzed. _The_particular characte^^^^^ 3 specific problem will 

lead only to differences in construction details. Since 1t_is not 
necessary td start with cdrriplete Information, the construction can be 
expected to be Iterative. It may often benecessary to redrawthe map 
seyeral_times, re the spatial relationships in order to see, 

the problem more clearly. 

We start by_ identifying arid listirig all the variables and data 
thatappear to _be relevant to the problem. For s1[Dpl1c1ty_they_are 
usually identified by the same symbol used in the mathematical model - 
Next we list and number all relations arid algorithms which we think 
will be rieeded. 

Assembling the Polya map then becomes much like solvlriga di9-iaw 
puzzle. We fit_the_elemerits together td give a consistent^ whole, with 
each variable and each relation appearing only once, _ A_gppd start is 
tp_first_map each relatidri s Then they can be linked 

through their common variables. 

The construction of_the Polya map_cari_prbduce additional insights 
It helps identify the intermediate variables and reveals if additiprial 

relations or data are_needed^_ _By_exam1nirig the structure we see if 

the solution will be a specific value of the unknovm pra relation be- 
tween the uriknbwri and_a_variabl e. These insights make it possible to 
modify the map to give a more desirable form of sblutibri, or to make 
the sblutibri process rridre efficient. 



Meta-Operations 



The map elements_tp_this point consist p variables or re- 
lations, and the operations are assamed to be completely reversible. 
T[ie_^elations_are pr^^^ 

from the other known variables, e;g;, solving an equation, reading 
values from a graph, Ipoking Up values in a set of tables^ How^_ 
ever, experience has shown that someprohlems require operations which 
are not reversible. There exist well-defined dperatidrial procedures 
where_an_unknpwn _can_be\_d^^ uniquely from. known variables , but 

the operations are not reversible^ For the Polya Map these special 
Procedures are identif ied_a5_"meta-bperat 

represented by_diamond-shaped boxes joined to the diagram by a double- 
Vii^^d arrow. The arrow indicates the direction in which the pta 
bperatibn must take place to give the specific result required. 




in general, meta-operations are used to indicate operations, that 
iri.essentially npn-arithm Some arithmetic may be necessary to 

carry out a meta-operation, but arithmetic alone is nbtalways suf- 
ficient. Some examples of meta-operations arer integrate between 
limits; combine two algorithms; fit apolynbniial _to_a set_bf_data by 
least squares; trial-and-error computations; iterate; optimize; choose 
maximum_yaluesi derive an_algbrithm for a set of assUmptidhs; test an 
algorithm for a set of assumptions; test an algorithm against a set 
of data; graph relations between twd variables and find a maximum. 
This is not an exhaustive listi but it gi\es_an_idea bf_the_bther kinds 
of prdblem-solving operations that can b-* introduced into the Polya 
Map. 

The.meta-bperations irxlehd_the usefulness of_the_Pblya^map ber_ 
yond simple mathematical p. oblems. Unlike our other operations, one 
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meta-operatlon may_be_cbrihected to ahdthe although the 

end of a chain of meta-operations will be a variable. 

Samt^le Problem 

-To demonstrate hpwaPolya map is produced we will construct a map 
for the following problem: 

-Problem Statement:. Determine the maximum. bending stress iri a 

simply-supported beam of rectangular cross-section^ "a" by "b," There 
are two concentrated loads* located. "c"_frbm_the_left_endj ah L2 
located "d" to the right of L^. The distance between supports is i. 

The first three steps- in preparing a Polyajnap are carried outicon 
currently: "identify and list unknowns, identify and list data, and 
draw a diagram. " 



Dicioram of Problem 




1 ^2 
d 




Data Set (given) 
a = width of beam 



d = 



depth of beam 

load at c _ _ 

load at c + d _ 

location of from Veft end 

distance between Lj and_U 

distance between supports 



3 




This d5ta set will be added to a$ 
prdb;em develbjDs. 

X = location from left-hand en<3 of 



beam 



-/ 



k1 ^ L 



outer. fibre stress due to /bend- 
ing at X - - --/ 
Jocatibri bf maximum bendlyrig 
stress 

reaction at x = 0 
reaction at x = 



Requir ed Unknown, (to .be found ) 
o = maximum bending stress 

^ - - I- 

We now identify the_relatibns_that may be Useful. ^ Ocr proiblem is 
one in which we wish to find bending stresses In a beam. .Therefore .we 
can_lopk.fpr_relatlo_ns that stresses due to bending and relations 
that give bending moments due to loads and geometry. 



Data Set (additions) 

M = Bending iribmeht at x 

I ~ Mo^^erit of inertia of 
secti on 

Z = Section modulus 



1. 
2. 

3. 
4. 

4a. 
4b. 
4 c. 



a 
I 

Z 
M 
M 
M 
M 



6. R 



Mb/21 = M/Z 
abVl2 



b/2i 



ab^/6 



-R^x + rLx 



-R^x 



o<x<c 

=-R^x + L^(x-c): c<x<d 
= -R^x + L^(x-c) + LgCx-c-d): 



d<x<i^ 



5. R^ = 



(L^c+t2(c+d)]/il 



H *4 



We now have 5 independent relations and 6 unknowns. This will hot 
give a slngle_arisvyer,_but vyill_give_us a_rel^ unknowns, 
tet as start to draw a Polya map, first mapping each relation independently. 






n 



We note that sme of the relations, e.g. 2 and 3. a'-e Mtv^nate ways 
of arriving at the same result; 

We can now combine these individual Polya map., ^-r the map for 
the whole problem. 




._ By drawing strokes through the given data in oar problems we can see 
how the variables are related. The^o variables whichare not §iyen__ 
Pr are not intermediate variables are.x and a. Therefore this Polya map 
gives us the value of a with respect to x. 

Examination of the Polya map shows-that it has two parts linked 
together by variable M. The bottom half gi yes_-the_mbment_distrlbution 
M with respect to x. The top half gives the stress a with respect to 
the moment M. For any value of x we can determine M and thereby a. 

We note that Rj^ R2, M and I are intermediate variables and heed 
nPt J^e determined specifically unless it is convenient for computation 
purposes; 

But our objective is not simply to find a vn'th respect to x, bat 

also to determine the maximum stress a-. We can define x- as the point 

_ . m m . 

along the beam at which occurs. Thus we must introduce some way of 
deteri.iining where x- and o^^ occur. Mathematical means are available, 
but they are cumbersome. A simple semigraphical method will be used. 

Our diagram has shown that cf is dependent drily bri M. Therefore, 
if we can determine the location of the maximum value of M, we can move 
directly to o^^. Thus M-^ the maximum bending monr^nti represents inter- 
meaiate data that we have to iritrddUce. 

from experience we know that we can sketch a moment diagram and by 
inspectiph determine. the Ipcatibrip the maximum betiding momant* For 
this we introduce the following meta-operations 
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We have, thus, diagrammed our problem to give us a , the maximum 
stress with the data set available. > 

A second example that taken from a real desicih problem is given ^ 
as Appendix B. 

Pv*n m prn r rirhhri cj i -Kki 

We teachers usually have little difficulty in_sblyin§ the deter^ 
mination problemsthat we set for oar students. Why is tjiat? in addi- 
tion to our intelligence arid good looks, maybe thefactthatwe compose 
problems is a contributing factor. This line of thinking leads to the 
Idea t'lat problem composing would be a good wa(y to teach students about 
solving determi nation problems. 

.When faced_wlth_a prpblemthe assumes that there 

area very large number of possible approaches to solving it; whether 
he_flnds_a_gpod apprpach_in_hls_search_i s often.a ma^^ luck, _Dn 

the other hand, anyone who has composed problems knows that there are 
relatively few structures that make any sense; he dlscards_mbst of the 
superficially-possible approaches on the basis of structural clues. 

The standard format of the Polya map and its principal parts make 

possible the assignment of problem composition to students, arid provides 
3 medium of cgmmuriicatlori^__The stud^^^ 

Dated to see that all of the variables, algorithms, and meta^operations 
be;^n9 Mf^J^^ 1^^ been omitted, arid 

that the problem is solvable in principle. It would he virtually 
impossible for the teacher to evaluate all of the studerit problems with- 
out the Polya map as a cbrinon form of expression. 

The_ Polya map arid_prlriclpal_parts facilitate exercises in problem 

composing for both student and teacher. 

Here are some examples of problem composition exercises that have 
been used. 

1. For the problem given below, 

(a) identifyand list the components of the principal parts of 
the prbblem__ 

(b) cortstruct the Polya map of the problem 

(c) cbmpbse a yarlatibri In the giyeri problem that has_ the same 
Polya map as the given problem (describe this variation in 
terms of its priricipal parts), arid 

(d) write a stepwise solution procedure for your composition 

(These instnictibris are followed by a typical determination problem.) 
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2. (Exam) Nitric oxide is being reduced by carbon monoxide in a poroas 
catalyst: 



The reaction occurs at 600'' K_and_l atmosphere. The density of the 
solid in the catalyst is 2:5 gm/cm^. The specific volume in macro- 
pores is 0.04 cm*^/gm and_the_typical pore radius is ^00 A. The 
specific volume in macropores is Q.ll cm3/gm and the typical pore_ 
radius is 35^.-__Ttie_specific surface area is 65 m^/gm. ■ The molec- 
ular collision diameter of NO is about 3.5 ^, 

Compose -and solve, (numerical answer required)_a_problem irivblvirig 
the diffusion of NO and the pore structure of the catalyst. ^You. 
may, of course, select additional _equatlons_andas^ 
data so long as the set of data and equations is consistent and doe: 
not violate laws of physics or chemistry. 

In_Appendix_A,_there is an example of a completed problem-composi- 
tion exercise that has been used. 

Problem composition exercises may reguirethe inclusion of speci- 
fied elements in the composed problem, in this way, the teacher con-_ 
trols the content of the exercise in tentis of cdhce 
techniques. By specifying. few or many elements tho teacher_can_yary 
the exercise from the single-answer type to one that is open-ended. 

Suggestions for Prac^4^ ; 

The useof Pdlya Maps is new and we feel we have only .touched the 
surface of the possible classroom use of_PQl_ya_maps._ The fdl lowing 
suggests some Uses for Polya maps; we are certain other uses can be 
found. We suggest that you try. 

1. Problem-solving exercises for students that require the use of a 
Pdlya map. 

2. Problem composition by the teacher where the objective is to avoid 
under- and over-specification of data. 

3. Prbblem-cdmpdsition exercises by the student. 

4 Lectures in which the teacher is solving a sample_prpblem. A Pdlya 
map may help to focus_atteritidn dh problem- solving and may help, 
the student see the relation of one part of a problem td the next, 
or of one lecture td the next. 



1. Pdlyi=i G. , "Mathematical-Discovery," Vol. U pp. 151-152, John Wiley 
and Sons, New York, 1962. 



2N0 + 2C0 K 
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Appe ndix A 

A Problem Compos itidri Exercise from 
Chemical Reaction Engineering 

Compose a problem involving: 

a) A reversible, first-order reaction 

b) A_fixed-bed reactor 
y) Effectiveness. factor 
d. Production rate 

Solution 

A. Principal parts: 

Data: d^ , L. dp, F, y^, K^, k- T, n, D^, p^, 
Unknowns : x^^, p 

Algorithm set: 

1) k = k* (K^+1}/Kl i 

2) * = (dp/2f (k+/Dg)^/2 

3) n = n = coth - 1)/*^ . 

4) rn I {V^L)/{Xg-XQ) | = -nep(l-e^)k'' V/v 

5) V = lld^t/4 

6) V = FR T/n 

7) yg = l/(Kg+l) 

8) = fcn(dp/d^, shape) (Table look-up) 

9) P = F(x^-x^) 
10) X = 1-y 



69 




e. Outline of solution; 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 



Find k"*^ from k* and by 1 
Find 4) from dp, i D- by 2 
Find n from $ by 3 
Find y- from by 7 
Find I r wii Up » 
Find V from t, d^ by 5 



frdm d^, d., shape by 8 

- P- 5-- - 

rom t, d^ by 5 

Find V from Fa ii» T by 6 

Find from y^ by 10 

Find from y^ by Id 

Find Xj from x^ x-, k"*", n 

._L_ O, G _. 

Find P froiti F, s^_, by 9 



e^, Ep. V, V by 4 
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Appendix B 



Pi^oblem Sta^emeri^ for an induction. 

motor driving a fan to come up to speed from rest^ given the mdmeht of 
i"^^^"'^ mdtorv ^he f an_, th^ horsepower and_speed of the 

motors the rated horsepower and speed _of the fan^_ The torque-speed 

J^l^^ Jno^o^_ t)y the rtartirig 

tbrgue^.themaximum torque and the synchronous speed. The power drawn 
by the fan in moving air is a power-law function of the speed. 

(Note: This -problem-Statement is drawn from the natural context de- 
scribed in ECL .171 "Time-To-Start," ASEE Engineering Case Library) 



W^3t IS required is_thetime_fbr_the_m come 
up to speed. The motor torque-speed curve canbe approximated from 
motor ratings. The power drawn by the fan will_be some function of the 
speed. . These two need not be expli -ritly expressed mathemat ical iy , but 
they czn be given graphically or as fUrictidrials. 



Data 




motor synchronous speed 
motor starting torque % 
motor breakdown torque% 



fan rated H.P: 

fan rated speed 

system angular velocity 



motor rate H.P, 
motor rated sjDeed 



= mbmerit of inertia of fan 
T = acceleratiro torque 
t = elapsed time 
tg = time to start 



T^ = motor driving torque 

T^ = torque drawn by fan 

I_ = moment of inertia of motor 



a = system angular acceleration 



w 



Relations 



T 



m 




HI IN } b 

f(w, H^, S^) 



2 



4 



3 




5 



T - T 

m 



f 
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n 



1 . 



2. T, 



4. dw " adt 



5. T. = T 




By inspection of 4, we see that we can express angolar acceleration 
"a" as a function of w. 

: To find tire total time to start _we_must integrate ^ o< '^itabl 
limits, atid must iritrbducie the meta-operation : 



-W 
0 



1 idw 
a 



where w, is new data which is the final angular velocity of ^the system. 
This^i^al velocity will be reached, when 1. = p. Jft^e rated horse- 



This firtal velocity will De reacnec wnen \t - u. ii u.^ .u^^^ 
power of the motor and_fan are the same, tnen w, = =_5^. ^i 
more general base where S_ y S^, then T^_=_0_wh|n Tj^ - Tf - 0. 
determine w^ we must introduce another meta-operation . 



But In the 
To 



Plot T and T. against w and find w. at the point where 
T - -i-m T ^ 



n 
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Operation 4 is riot rieeded arid cari be dropped frorti our Pdlya map. 

Ihspection shows that the angular veJocity w is the key to the 
problem solut'iun. If we plbt all pur characteristics against w, we 
should be able to solve the problem. 




Plot motor torque and fan 
torque against w. 



Si 
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Plot 1/a against w and 
measure area under the curve 



Solution can be found seitii-graphically if motor torque and fan 
torque characteristics are specified. 
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SOLVING PHYSICS PROBLIMS 



. .. J.- t._Aabel 
University of South Florida 



ABSTRACT 



A detailed strategy for solving general physics problems 
is dlscussed. starting from genera 1 prbbl em -solving techhi- 
gues a _ ra t i ona 1 e is developed that enables, students who _ 
have mastered simple algebra to improve greatly thn:r prbblem- 
sbl vi h§ abi 1 i ties . 

f NTR^on^yn^ioN 

Most teachers of general physics will agree with the 
ob jecti ve of teach 1 rig their St 

ca1ly. Bat there is widespread ancertai nty and disagreement 

as to faw this cari be done, or everi i# it can be done* As i 

consequence, courses have been developed which describe physics 

1 V^t 1 e or" no rtia t hertia t i cs ^ Sue h courses can greatly^ e 
the student's awareness of various physical rel at i onsh t ps , but 
only through experimentation or memorization not deduction. 
It 1s_ar§ued_that_the students forwhom such courses are _ 
developed are ei ther. unabl e or unwilling to develop analytical 
prbblem-sblvirig skills. 

For the purpose of thi s paper 

problem-solving skills as the ski 1 j s needed. to permit deductive 
solutions of problems which are intrinsically new to the 
student. Far fevyier physics teachers accept development of 
this abilityas an objective of their course^ ^^^^^^y because 
ttieir past effbrts_to teach_ t his _abi 1 i ty ha ve_ been so markedly 
ansaccessf a1 . .indeed my own teaching experience demonstrated 
t ha t res ul t^ For seyeri yea rs, I s truggl ed wi t h vari bus modif i - 
cations of my lectures, the text, the homework ,_ and the tests, 

to try to teach s t Uderi t s J)etter aria ly t i ca 1 _p_rbbl em-sbl yrig 

skills. The res u 1 1 s were never very encouragi ng , there was 
always a small percentage of "A" students who "had it" when 
they eh tered my coursei _ a rid I _ cou 1 d see the j r_ prof i c iehcy 
grow. But most s tudents remai ned outsi de of thi s group- One 
obvious sol utipri. Is to_ l i mi t_ the object i ye^.ei ther_ by_ go 
the non-mathematical route or by restricting tests tp ques- 

tlb/is simi1ar_tb those which the students _have_been 

shown how to do. The latter solution is the more popular one 
for student s of sci erice arid erigi rieeri ri^ who wi 1 1 be expected 
to "use" the physics they are learning. The non-mathematical 
approach Is mbre cbmmbri for the remairider bf the student 
population. 
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lh_receht_years , there has been growl ng e v1 dence- th a t it 
is not necessary to give up the goal; a na ]y t i ca 1 prcfbl em- 
sblying skills can be taught. Indeed a large part c^f our_ 
difficulty in teaching them in_the_past has been our] tacit 
assumption that they do not- need to_ be taught;, i ,e . il_that — 
any student who has the ability to learn analyti cal ;probl em- 
solving skills will pick them up from seeing_prob] ems worked 
in the text ahd_by_the teacher . That assumpti on -is jcl early 
incorrect. Although there is that smal 1 _group_of "A" 
students_who_"get it" hd matter what we do, most students 
must be taught explicitly. 

How then does one go abbyt_teachi rig a ria ly t i ca 1 probl em- 
solying skills? The answer is disarmingly simple : _Lbreak_up 
this complex set of skills.lntb pieces, i.e. concepts small 
ehdUgh for the student to handle. Then give, the stuclent_the 
encouragement. _the time arid the exerci se - whi ch is needed to 
master them. This is not_ un1 i ke our_usual_apprpach to 
teaching any complex skill! It he3 not often been used to 
teach analytical problem-solving skills but only because of-^ our 
historical inability to see them a^i the complex set gf_skills 
which they are -- ei ther_because they have become ^subcon- 
scious for Us. or because we avoid them. 

The remainder of this paper wi 11 _ be_deyoted to a _ 
discussion of one grobl em-sol vi ng strategy for genera Kphys_ic? 
probl'^^ms. It assumes that the student understarids fimdamentaK 
ilgebra; e.g. that he sees x = a y and y = x/a a s^i n tr 1 nsi cal 1 y 
the same relationship. Work_by_BaUmanl arid others^ •'^ has 
shown that this is not a fundamental 1 imi tation ;_these cdri- 
cepts too can_be_taij§ht, but I -ave riot yet had the time and 
dther resources necessary to Jo sc 

General theories of prob i Ivi rig have beeri discussed 

by Polya^_and others^. Al thougn there are many elements,! ri 
common among these d i scus ; i ons ^_they_ are usual ly di fferent^ 
Tin detail arid iri the names associated with oe_ydrious_f acets 
df the problem-solvinq task.__The strategy reported here^, 
a'nhdugh less general than those c i ted ^ _ has _ proyen us ef u i 
in my teach i ng_i n_ the serise that a signi f icantly- 1 arger ^ 
percentage of my students have demonstrated deyel dpmerit of _ 
analytical prpblem-sdl vi rig skills. An .addi ti onal pedagogical 
benpTit is its separation of _ the ma th _ frd'.i the physics . As_ 
d-'yide:^ ,_e?.ch of its three major sections is ofroughly equ?.I 
difficulty when averaged over the student population. 



' A PRQBLEM-SQLVIuG STRAT^^ 

The strategy has three majo»^ divisions, ^he overall, 
dbjective of-part I._SE1UP, is to .convey the nature of the 
problem^ Includirig all g I ven i nf ormatlon and desired 
quantities^ with a minimjm of English, U'Sing meaningful 
symbols arid picture^ that can be used in part II. The 
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objective In part. M, ANALYSIS.-- PHYSICS 1 s to f ind_suff Icierit 
Independent equations so that they may be solved for the 
desired un known s , _ _ In_ pa rt _ U I , _ANAL YS IS_r-_MATH , _^ 
answers are obtained for the desired onr^nowns, and checked 
forreasbhablehess. 

Part of the reason for the d i ver s i ty of 1 a be! s given to 
the subdivisians ol' any problem-sol vlhd strategy is^the^fact 
that no set of sUbd i v i si on^- 1 s uni ve rs a 1 . There_are s i t ua 1 1 ons 
where one finds in part III a need to return to part H Pr 
ivin P^rt I. SO ons should v i ew the_whole_prdcess as^cyc] ical , 
continuing until sacisfactory answers are Q^^^ i ned . _ _Eurther-^ 
^dre. there is nothing sacred abpurthe order of events in the 
sirateny. If one can see the answer wi tbout expl i c i t .consider- 
ation of parts i or II, ^ i ne._ ^ I f pa rt _ 1 1 seems^eas i er^ t ha^ 
drawing the picture for a particular proble^. th^n part II _ 
should be done first! Indeed the strategy is not to be viewed 
as a straightjacket approach to problemrsol ying , but rather 
as a guide to what to think about next when one is stumped 
a particular problem. On the other hand_,_beai nni ng students 
should be encouraged to practice the strategy on prob 1 ems wh i ch 
seem easy tothem so that they will become _f ami liar enough 
with Its rationale to Use it on more d 1 f f 1 cul t probl ems . Wh ^t 
follows is essentially addressed_to_the_stUdeht , interspersed 
v/ith discussion for the benefit of the reader. 

The first and most obvious task i n pruolem-sdl ving isto 
decide what it is you are trying to find and what information 
you have to work with. It is awi'ul hard to get right answers 
If yoj are dbihg the wrdhg probleml 



If a problem - s been properly set up It will contain a 

mi nimum oi^ Engl 1 s h of t eri none_ a t _ a 1 1 , _but_a t mos t a few 

wdrds. But you, or others wi th s ^Iml 1 ar train ng, will be able 
to return toit months later and figure dUt what the problem 
was sll about wi th >at- referri ng to the ori gi na 1 Engl i sh _ 
statement _pf_the problem. Part I ca>^ I.-e thought of a? a 
translation ter.k from English to pictures and symbols, 

A. LIST GIVEN QUANTITIES with appropriate, nieahihgfUl symbols. 

It Is useful_tL _be_able_tp_reject 1 rrelevan^ information 
by simply not listing it, but if you are not sure, list it. 

Why assign a symbfyl to something which is already known 
as a number? There are se vera I rea sons . 

Usually easier, e.g., it i5 eas'^er to write m 
than 4 kg. 

2. It 1-5 oi^ten more meahingful. If.the symbol KE Is 

recog.n'zed as kinetic energy^ that is much mo;"e help- 
ful than 20 J, which could be any energy. 
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3 it h.el ps_avbi d the tra uma of - not knowi ng a _nuniber_tp 
insert, for an unknown quahtity which may cancel out 
later in the problem. 

When more that, one quantity of the same. type_i s i nvpl ved . 
such as uwo or more moving masses, or velocity at different 
tirr-s it is often useful to assign an appropriate symbol 
to one of them and list the others as multiples ofthe quanti- 
ty given a symbol. For example, in a problem Irivdlvirig masses 
of_2 k_§, 6k§ arid 8kg, label theiti (in a sketch) as M, 3M and 4M 
respectively, and list M = 2 kg. 

Ir making up an appropriate symbol for certain unknowns 
i c may be appropriate to combine severdi more cpmmbn symbol s 
fhus in a problem which talks about 4 bullets per^second leaving 
a gUri, that information could be listed as N/t - 4/s. 

B. ASSIGN reasonable SYMBOLS to the requested UNKNOWNS^ 

AgM*n,_it may take more thari one cdmmon symbol to make 
up a ^>nbbl for a desired quantity. 

At this point it is wise tr go bdck oyer your 1 1 sts to ^ 
make sure that the di:hen5ions which you would assnciat^ with 
each symbol -cnsist-- with.the unitswhich were Qiven^ _ 

or desired hj- ycU wereasked to find the rate _a_t__whi ch 
liqMd leavf .em in galloris p?r minute, an appropriate 

symbol wouV < ^ t certainly not V alone. 

C SKETCH A PICTURR for each un i q ue t i ni^_ i mp 1 i ed in the 
problem, and label with the symbols froir: parts A ;wid B. 

This is op^ of the most difficult yet crucial ski 1 l_:_iri 
the entire problem-solving strategy. The trick is to draw 
a sketch complete enough U show the .important _idea^_yet^ 
simple enough to aid rc'ther.thari cqrif Use the analysi s. _Thus 
one must learn that (if rotation or roto t i pna 1 _equ i 1 i br i urn 
is not implied in the prcblerp) it is more appropriate to dr, 
ppint_pr a small box rathor tl.an the man or car or whatever 
is named in the problem. 

The primary Qoal- of the sketch(as) are^to show ill 
important spatial relati onships _ and help define^a^i symbols 

listed in parts A and B. Thus if.twc or more_time| are 

implied in the problem., a sketch for each time mi;st be^drawn 
in such a way that di stances moved between sequen .^al times 
can be clearly indic.t.,. It is often ,i°..^^^^tch 
"final time" sketch superimposed uDon _a_n_ initial time SKencn, 
using Joshed lines for brie or the other: 

Before leaving part I, you should reread the_prpblern _ 
c^atement to make sure that eyery relevant >hrase_ : .^i nd ca ted 
ir. vour -etup. Think in'terms of the overall ^nal of this 
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sertidn : cdlil d sdmer else with your trai hi hg , who had hot 
seen the English version of the problem, dpcipher " t from 
your setup? 

11 ANAt:YSIS PHYSICS 



The objective hereis to find sufficient independent 
GQM^t i ons to sol ye f or the desi red unkngwhs . .Suppose there 
are Nunkn owns which the problem asks you to find. You may 
need to introduce an additional number U of Uhkhdwhs while 
writing physica < ons. the mathematicians toll us that 

you will need s < - • r n d ct r\o%t N + U i n d p p e n d e n t e q u a - 
t i d n s i n d r d e r t ^ V for t h e J e s i r e d _ u n ic how n s . T d _ p U t 1 1 
another way, if there are K un^*now^s wh1cK CAN b« uniquely 
de termi hed f rgm t he § I yen i hf brma t i on , i t _ wi 1 1 ta ke_ K i hde- 
pendent equa ti ons to do There is admittedly some 

uncer ta i n ty i nybl yed ih th^ preceding statements ; one cahhbt 
usually predict at the outset how many equations \?m be 
necessary. Thus ah alternative ftpp.cdch is to find as many 
independent relati ons betw^^en the various symbol s as you canl 
On the other hard, it is useful to know the minimum and maxirnum 
number of equations needed. 

In general J _wheh writ i ng equations from par t 1 1^ they 
must be expressed i n tc ts _of the symboi s 1 i ated i n part I. 
the begiririi rig student may fin J :t useful to first write 
equations in the form in which he remftinbers them, this 
should be ddne in the mar gin or in a special box, since tnose 
equa t1 ons do riot count cowaT d \Ue_ ones .needed for par t _ I _I_. _ 
Only equations which havt? been trans 1 a tea i nto - the speci fi c - 
symbol ism of part. I . cry r r i i _ pa rt J I • ..Th^ s wi 1 1 of ten ren«M re 
adding one or more synHols to the sketches in part I. These 
sym b d 1 s , f b r u ri k h o v;n s v. h i c h were rid t r e q u i r e d i " t h e p t d b 1 em , 
should be listed near (but distinct from) the Ijst frdu part 
I B. 



A. Consider COr'^"rpAINTS . 



_ These are spe 
P r t^i^ prcb 1 cm 
t i mes car be v 
listed synb ^ 
i n oa rt I , .vo- 
par3llel tc clit 
by an ideal st 
the samp magn 
s t r a i ri t b . I n g • 
ti on _ CAN be the 
men ti dried here 



simple constraints is 
pdirit in the prdblem, 



ific conditions set ^orth in the statement 
dc-dyrti b 1 e_^'rdm the _ sketch J es 5 , whi ch some- 
cten as equation™ involvingsomeof the 
''^'ristrairits are of ten_cdnsidered_ autpmati cal ly 

object on an incline, notion will be 
• ■'^-e. Sirrilarl^', two :>bjects tied together 
^ Crr a pulley will have ars acceleration of 
^^Uu some problems have more subtle cdh- 
tti rig down. the oroper copg t r ai n t re 1 a- 
most di ffi cal t pa^cof the problem. It is 
at the begi rin inr- jf Part _ n _be ceyse_ _i f . a. 



present and not recognized at- this 
1t cari seriously hirider Part II. 
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In general physics problems , constraints are_Usually 
geometric_in_hature. They also frequently involve approxi- 
mations, sach as: 

strings, ropes, etc. are assumed riot to stretch: 

the arc subtended by a small arigle is essentially a 
straight line, 

sol id Ob jects are assumed not to deform under the 
dctibh of forces. 

Figure 1 give:- examples of constraint equations. 

B. Consider DEFINITIONS of knowns and unknowns. 

If a definition of any one of the symbol s _ i n _your_ 1 i s ts 
from port I rc1_ates_two or more of the quantities in those lists, 
it will probably be useful wri te i t _dpwr:^_ _Remember to add 
any new unkribwris iricrbciuced by these def i nit i on s to your sketch 
and second list in pa-t i B . _ Any t ime_ a _ new ya r i a b1 e is 
introduced, you should consider ITS definition. 

C. Cbnsider CONSERVATION LAWS 

Si rice conser vati on 1 aws imply the exi stence_of _a time 
interval during_which the dTstribut:on of some conserved 
quantity has changed^ it f ol 1 ows _ tha t _ you _mus t ha ve a t 1 ea s t 
two sketches (pbssibly superimposed) if conservation laws 
are to be applicable. If so: 

1. CH005F a cTearly defined SYSTEM; often the whole 
system ir.,'jn*sd in t!"^ problem. 

2. CHOOSE an a poropr i a te T I ME _ I NTERVA L byer which the 
cbnservatibri law is valid; Vdu should have sketches 
for boti. ends of that time interval. 

3. CHOOSE a crnvenient rjORDINATE SYSTEM for r ;=^ving 
object. 

4. WRITE the conservation LAW: 

The total in the systen* at ^.he begiririihg of the 
time interval + any tenter ih§ the syster? during the 
time 1 ntervol 

= th e -:.ot a 1 i n the sys tem at the end of the t i me 
interval + ?':>y leaving the system durim the 
time intervc.,. 
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D. Consider KINEMATICS equations. 

For people vyith a good calculus backqroun 

nothing more than definitions.- But for mos t - s tudents they 
need to becbnsidered separate between 
displacement, velocity, acceleration and time. 

E. Consider NEWTON'S SECOND LAW. 

,1 . Isol ate an obje<" i so that i ts mass and i ts vector 
acceleration are clearly definable. 



2: Draw a FREE-BODY DIAGRAM for that object: 

) . Coant the number (i) of objects which exert ^ 
^^r^e s d i re c 1 1 y ON the chosen object . Do c 
fences internal to your object or which it exerts on_ 
other objects. Do hot cduht indirect forces. Normally 
j will equal the nurnber of things which actually toMch 
the c.iosen object, plus one for the graM'tational force , 
(if any), plus one for the electro* o<. leti c force, if pres ent . 

bl._ Draw the_i force s_oh a_freerbgdy_diagram.__Db 

not drawcomponents of forces, except inthe case.of 
contact f or ces be twee ri surf aces , where^^i ^ usually best 
to draw the component normal to the-Surface, N, and the 
cdrripoheht pa'^iliel to the surface, f. 

3. CHOOSE A COORDINATE SYSTEM with the positive x axis 
alon? the direction of the acceleration of the object, 
if known. 

4, WRITE NEWTON'S SECOND LAW in scalar form for each 
significant axis. 

?. If there pre other rroving masses ir tht problem whi^h 
affect the an^werSi you will need to repeat E fcr each 
of those masses , 



F. Consider OTWep. physics relations. 

Ther ; little to je said here wi thout going torough an 
entire physiLS course. The student who has been stu lying 
properly usua i 1y h as little or no d i f f i cu 1 ty in rea 1 i ^'i ng which 
specialized elatiohs apply in a given problem. 

Ill A NALYSIS MATH 

At this Doint we should have a ?:et of i ndependei. '* 
equation involving only symbols listed in part I. Obviously 
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the symbol for every requested unknown must be included at 
least once; if lot, go back to part 11. 

A. Obtain an ALGEBRAIC SOLUTION. 



Solve algebraically for each desired quantity in terms 
of the symbols for the given quantities. {o-,_ previously "found" 
unknowns). Usb numbers only in those relatively rare situations 
where it is definitely easier to deal with the numbers tliah 
the symbol . 

B. TEST the nl cbraic solution for REASONABLENESS: 

1 . Check for correct _phys i cal dimensions. Di mens i oris must 
obey the ordinary rules_bf algebra. For examp 1 e , te rms which 
add or subtract or equate must have Identical dimeris i bns ; i f 
they_dp riot , the equation cannot be correct. Thus an equation 
which asks you to add a mass_arid_a length is obviously in 
error. In that case, check dimensions 1n each equatibri frbhi ^ 
part II and then redo part III. 



P., Check for_the expected benavior i n _ i ntaiti vely-obvi ous 
si tuatiOPi; : - Do the relations seem plausible? For example, 
in thfc rer>ult x = a b/cds o; ^ 



is is reasonoble that "x" is proportional to "a" 
to "b"? 

-- shou'd X = a b wheri ^ = 0? 

bhould X approach infinity as e approaches 90*? 

r fUG r'NUMBERS in a one-to-one rel at i on . w1 1 h your_a]ge- 
firaic solution. If some of the g i yen information is not in 
0 consistent set of units, check to see whether thosf.guar^ti ties 
occur in two or mere positibris sUch that the conversion. factors 
.puld cancel ^Ut. If not, you must INSERT. CONVERSigN. FACTORS 
•^ntil tW'=^ units left are cbnsistent. For example, in the 
equation j - './r: which i" d i mens i ona ; 1 y_ cor'-ect, you ca nnot 
use "i>" in ir.-hes and "r" in feet unless^you supply the 
appropriiJLu conversion factor, _ Thus , if " = 3" and r = 2 ; 
u = {2"/?.*) (r/12") = 1/B (radian). 

Db the arithmetic to one s 1 gn i f i can t f i gnr | ^n ybUr 
head or on scratch, paper. Then do it more care ^ cil ly , cancelling 
as much as pcs.vb'ie and usin:? other. math shortcuts such as 
calculators, .If chere is not reasonable eg^^ee-rent between 
your two answers, check them both again. 

b; CHECK your answer for pl^y-'c?! rcasbnabl ehJ^ss and 
ap jrbf,ri ate Urii 1:s. 
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Haying read this much aboa' one problem-solviiig strategy^ 
It s hbu Id no longer be any Incl tha t itios t students 

do_not pick up a good problem-solving *^trategy by s * 7; ply_ seeing 
a few prdblemj done Hy the textahd/dr teacher, especially 
when these are not fitted into an overall plan. 

I h s u mm a ry i _ w e h a y e _ d i s c u s s e d _ o n e _ u s • f u 1 _ p r b ^ 
strategy having the following overall structure: 



Set up a concise statement of the problem in terms 
of labeled sketcliis and algebraic symbols. 

II. Do the physics; I.e., write rel a ti ohs until there 
are s uf f 1 c i en t Independent equations (in terms of the. 
symbol s from part l)to --olve for the desired unknowns: 

III. Do the math'-flrst the algebra^ then the conversion 
^^ctorsahd arithmetic, and final ly check for reason^ 
ableness . 
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If the wheel rolls without slipping, then s = x. 



i 



X 



1^ M 



If M moves a .ist^nce X while m moves a distance x, then 
X - 2 X 



FIGURE 1 

Ex^imples of Constraint Equations 
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ENGINEERING STUDENT 
PROBLEM SOLVING 

Lois B. Greenfield 
University of Wisconsin 
Madison 



The engineer is a problem solver. 

Certainly, if '.yoa were to look in on the majority of ehgi- 
'^^^'^V'^QJ^l^ssrddms in^ find both students 

and teachers concerned with problem solutions , which are the 
products of problem solving. Hot; then dbensin-ering educatcrs 
teach_prgblem solving skills to their students? Do they, m fact, 
make a special effort to teach such s[<ills? 
_ 

It is at this point that I v-ould like to emphasize the 
^^V'^'^^rerice between the_prpduct_of problem solving, i.e. the 
answer or solution, and the process, or rrJethod of attack. The 

0*" solution to the prp^^ readily observed and quanti- 

fied and is easy to deal with. The ei :?neering student's home- 
work solutions can be graded, and "^^H'Od right brwrpng iP the 
answer _a]one is considered. Emphasi*- placed on accuracy^ where 
method may really be equally important. In the "real wbrld% a 
variety of .answers may satisfy th^^ problem c6nditions--indeed^ 
two .engineers may look at a prob^•v., ^w: ^Jeveldp two iTipletely 
different solutions to what they haA: en two cOh.^'ttely 
different problems. 

Although it. is. possible, to iafer the ■ ^*«:ess or method of 

attack used in solving a problem from the product bbtainedithis 
may be misleading^ For example, if a student gets the wrong 
answer to a proble:, can we ascertain the reason? Do we kndw 
wt^'ether thj student has used the wrbng.formul ai_made an error in 
arithmetiCi aiiitteH an important variable, or completely .nislntcr- 
preted the nature of the prdblet^ he was asked to 've? 

One way-:o ascertain the provres? rf prdblem sblyinq is to 
the probjen _sblyer _:.b_thlnJ:_ al:^ a he solves the problem. 
This solution, '•ecorded ss it-is de^-loped, may not be totally 
ccxn^'lete, but M: is more likely_tb_refl^ actual process 

useJ than if a later, revrospect've account i? obtained, wh1c! is 
likely oe craned Up, e.-Jited, ?/»d m^de more coherent. Tfw 
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prbtbcbls bbtairied by having students think aloud as they solve 
problems offer a close approximation to the problem jblver's 
method of attack dh prdblenis. (1) 

In the current 1 1 terature ^ there_haye_beeh repdrts df f)rdblem 
solving prdcedUres, as well as descriptions or remedial efforts _ 
made to teach students more effectlye_methods of sdlvihq problems 
These paths and precepts are developed- logicaPy, and haye_been__ 
shown to be helpful, but analysis of_the prdtdcdls of students or 
of experLs thinking aloud do not conform to these step-by-step 
rational, logical patterns. 

For example, Pblya's How to Solve It (7) oailines a procedure 
for solving problems. 

" Fi rs t you h ave . to understand^ "the prdb 1 em. . . Second , 
find the c.r.nnection between the data and the unknown. 
You may_be_obli§ed tb cbhsider auxiliary problems if 
an immediate connpctibn cannot be found ^^^^Y^iu--sl^w^^ 
obtain eventually a plan of solution^:^y^hird, canV 
oat your plani - Fourth, examine the scJlUtidh \ 
oBTairied." ^ — fS, \ 

In this analysis, much ;depends on luck and eiood guessinb. 

Rubenstein (9) described general preceots of problen/sdl vin^,- 



i Get the tdtal picture 

• Withhold your judgment 
I Use niddels 

i Change represent.atibn 

• Ask the right questions 
i Have a will tb dbuot 

He further suggests ;paths td generating a solution: 

I Wdr!< backwards — 
I Generalize or specialize 

• Explore directions when they j^ppear plausible 

i Use stable, JubstrUctures in the solution proces:- (modules^ 

• Use analogies: and metaphors. _. . 

i Be guided by emdtional signs of success 

Leibdld, et al (5) descrioe an adaptation of Polyo_ -..u^'prbach 
used to teach probleni solying to freshm^ < enginf^erinq students in _^ 
which they divided tfie definition of the prpbiem_steps into Define 
and "Think About It". Their jreakd()wn of the "Define" step 
includes: 

• Denne the unkripwri ^; 

• Defir." the sy.stem _ ' 

• List kr;owns, jcohcepts, arid chddsr» <^..:.ol'^ 
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• Define t)»e constraints 

• Defirte the criteria 

H(>/e,ver, the student group reports difficulty in Using these 
skills learned in the special class in solving their regular 
homewDrk' assignments. 



As par of the same program. Woods et al-(12j have attempted 

to f^serve ^h- prob lem solving traininq to 

students wf-yv: exposed, to identify major dlffi cul ties the students 
were having in solving problems, to identify necessary problem 
solving skills and to teach these to the students. They identi- 
fied a set of steps combining creative and ar>alytical thihRinct, 
ahd_used_lhese as a basis for deyelbping arid teachinq a strategy 
of problem solving to the students in a tutorial program. The 
strategy is outlined belcw. (12) 

Identify the actual problem 

What are the attributes? 



identify area of knowledge 



Collect information 



Flowchart solution 

Think up alternative plans 

Irahs late 

Solve 



Check reasonableness 8 math 
Check criteria S constraints 
Study related problems 

Identify applications in er, ;ineering, ev : y- 
day behavior X desi^rted island 

Identify S rnemorize order-of -magnitude nuntoers 



Peveiop successive approximation strategies 

Study problem- solving skills learned 

Cf3nimuni cate results 

The strategy is devised rat ibna] ly/ ; The pr for 

iniprovini^ stodent skills require^' the students to focus on a 
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DEFINE 

THINK 
ABOUT 
IT 



PLAN 



CARRY OUT 

Pi. AN 

LOOK BACK 
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%.^l^r^v'''V to discuss each other's 

has had greatest emphasis thus 
tc . ,nis nethod. a]th^ developed on the basis of a rational 
nri ^cc "[ ^^^^^^^"^^^.l^^^n, does place.^^^^^ on the actual 
procoss. An interestinn observation made by the professors 

wir^ho Hf^4'^-'^^\'-^--^^^^ required, courses.with the students 
w.]s^tho dibLOvery that thp.lecturcrs actually presented a larne 
nun-hPr or hints.fnr solvino problems as well as numerous example 
solutions, yet the students diH not capitalize on these hints Or 
evafnples. .They failed to note them in class (presumably because 
tht-/ wtM-o verbal and not written on the board), 

^_ Stgnowater (10) points out that, althouah, enqineerinq 
iMstructort^ are well able_to_specify the. problem solving processes 

.Tfi'f \''T^ ''''' difficulty specifying the processes a 

nee through .experience, and practice the 

instructors nave internalized so much of what they do. He points 

i th^hnHhnVH^ P''^^^"^ to. students 

.1 . thiMWacUuiard proble^^ sol uti.ons may not be ordered in the way 
tho^t the vrnb]m was solved by the instructor initially bat 
rather nav he edited to be more eleoant. Again, the strateoy 
user! tor- ;>robleni solution may not be identified. 

Stonewater developed a coarse. "Introduction to Reasonino and 
f Ob en Solvm.j , usinn a task analysis procedure to develop 
stfvnc-ies tor prgblem.solvfng. In the eiaht module course, three 
n:odulcs were devoted to the preparation phase: 

I. Propar-ing for Problem Solving - discriminatinn between 
relevant and irrclc?yant infonnation, specifying solution 
derived, visualizing problem 
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Prawing Piaerams 
Orgariizihg Hata Tables 
and five to strategies for solving problems 

1. :.ub nroblom.strateny - identify unknowns and sequence the 
order in which they must be solved 

Sub nrohjem strategy - develop an organized method to 
solve tne problem 

Contradiction strategy - state an assumption which is 
the logical negation of what i_s to be proved and use 
this to coritradict given infonnation 

.'.'V' ' inTcr- additional infonnation from what is 
givf?n 

Working backwards - start at solution, rather than with 
gi yens : 



. ' ^^^'"^^.^ . ■'i.'n^'i'i*' tocfiniquc'S . .to fiolp s tudont^; itiiprovo 
thrir :w^Mfnr.UiorK^l nihility, inprove tHoIr abstract roasoninq 
i!-"rhvp irMhsftM' of lotirninn to other courses: 

•.lnru>w,it(M''s instrurtlotuH npn ] i < ,t t i ons_ i nc 1 ur^e use of d 
'M-i.inr.'-.nc ?»;sr to deteri-ine wh i ch . s tuden ts have mastered a 
V'^'-'^ ■>tr'dt.»!v, desiqii of solt^Mced m,norials to tinplement 
'^'•^'■'iif^'J ^''id i>aM'in(i students to studv [)articu1ar materials: 

^ 'he latter :"ctMod of iiairine students "o teach probleiit 

^^.Ll Ji^'^i J^oen described and used successfully bv Whimbby 
aJ) 'I ^ adapted rroi" ^ niothc^d descri'ifnl by Bloom and Rroder (1) 
Ah ]n[„>v d(>ve1n(u^d a [)ronrani wfien^ s tiidents , work i nq on a ohe-td- 
rn.vlKjsjs with oth(>r students think out loud as they solve prob- 
to tr'v t(^ detern-ine what is hinclerinc) their success as prob- 
'-'^ I v.'^':.. . . .Tfie students work a series of exercises desiqned to 
/■♦Mvv t.h.') r atu 1 Uv to read and understand technical and 

i M,- writmc as well as. to. solve inathenia t i ca 1 1 y based read= 
fnitiaily, students contrast their methods of 
srWv i-v; prnhlems wi th the -Hthods used on the same problems bv 
'UHu\ [w.nM.-: soivets: Cha r\icteri s t i cs in which oood problem ^ 
solv.4-s differ M^orr -uior problem solvers included: 

''''^.^^ ^'^^.^^"^^l '^"^^ 'Attitude toward problei!' sol vino 
' pfictTn for .accuracy. 
L^rtMkiru] problems into !>arts 
'""^■■^^^.'f^ t .f;)f quess i n() 
■V tiveness in problei'; solution 

. rOMMrchers at the University of TMssachusetts Heuristics 

Latuiratorv and [^-[^n'tment of Physics and /^stronomv and School of 
- "ninepf^inf; have been cooperatino. in . investiqatihq a varietv of 
instructional techniques for developinci s tuden ts ' cooni t i ve" 

iJ.^/^ V '^f^^- ' ^>""..t:c?achinq analytical reasoninn (?,3)((S), Askirin 
students to think aloud, l.ochhead and Clement study individual 
student's codhitive prdcessf?s to determine what learninq strat(- 
'•.I.'"" . t^n-/ er:p1oy., the basic concepts from which thev operate, and 
tfie tt'cfiniques they use in problem solvinn. Thev use this 
VfVV'.i'''''^^.^"^.f^ to iiiake the students better problem solvers. 
LocfihiMd ( ] rf^fiorts : 

... . "We find that what students usually learn fran a 

c^'-^'"^..'^ .l.^...not at all what we. bel ieved. . For 
example, a few months ago I nave a student a ride into 
the limversity. fie asked me what I did and I told him 
r .t^'^.u^h.t problem solvinn to. introductory physics 
students: He replied that he had taken a phvsics course 
the previous year_ { Physi cs for b.i oloqi sts) : it had been 
OK but of no lastinn value. He had tried to understand 
the I'i'^'^terial but that_took_ too much fime. and _wasn ' t any 
use as far as. the qrade.was concerned. So after a 
couple of weeks he settled in on memorizino formulas 
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j <^njnd thai the hoiijewbrk anci oxam prnblpi'is . coulci. 
nlwavs he solved by pluqginq the niveh variahles into 
vvfiatevcr equa t i on happened to those v^r^ ab les , 

He. not soi'ie [practice in alnebra.and also in t ri nonofuetrv 
tuit the physics he learned vvas just i-ote fdriiiulas 
wfiich less than a. year later . he h.od completely fornotten. 
Tfiis apfM'Ofich to learnirifj and problem solving is ah 
(^\amp le pf_ a syndronie we _ ca 1 1 ' fonnu 1 a - f i xation ' . " 

. "The student is neither allegorical nor unusual. 

^.^ V^^'^^'^P^. 'J.'^^'.Q .P^.^'cept i ve than many of _hi s class- 
i:ates, but h\ no means unicuie: Last winter Robert 

» ^ ^'^"^^ ^."^^ .^^''P..^^P*^'"''''.'^^t^} Phys i cs course , 

was visited, by an. a no ry student who had obtained, a B+ . 
in introductory physics. The problem was that she had 
u»idl\\ stood none pt"_ 1 1 ._ _The purpose of her visit was to 
set up an independent study coarse for the JaiUr-ry term 
in which she could try to understand the material she 
hihl 'lias.tered ..." 

"There is a popular myth that students cannot 
undivstand fUiysics because they are weak in mathematics. 
Ifie above examples show that the inverse is often the 
^"O^^^N . f^(}'''f^.ly ; .. f^n fib 1 1 i ty _ to_ d^ mathematics .makes under- 
stand inn the physi CS- unnecessary: But students are hot 
^^J^-.'^'.iVy Po.'^Plf' skilled the use of alqeb ra to avoid 
thinking. U'e all do it most of the time; and vie .. 
^''^^'-^^^'^'^'^.y .^^'^ti nue the prac ti ce when we teach ^ Wi th 
rare exception textbooks and teachers-ompbasize the 
ma theii'a t i ca 1 T'^ahipulatidhs and spend little effort oh 
ex[)laihihp the physical concepts or on explaining why 
the mathematics is an appropriate represehtati oh of 
those concepts . " 

Cle;'ierit (3) commehts : 

"It is easy for a student to meindrize a law ahd to 
recite i t . f a i thf u 1 ly when given the appropriate prompt. 
With a little practice the studeht may also be able to 
OPP.Ty the lavv in a llnited_class of problen_is_such as_ 
those . typi ca 1 ly . found on tests: However, these abili- 
ties i n no way imp ly the un- learni nq of contradi ctory 
intuitions.. In fact, a careful, investigation of how 
students solve probleins shows that in nidst cases they 
. re ppertitinq with an i neons i stent sys tern- -a collage, 
of newly loamed principles and old ihtuitive concepts. 
I'l^_.^J.f^ .l^tu i t i ve .concepts are remarkab ly resi s tant to 
Change and this presents a difficult challenge for 
teachers . " 

"One area. of physics where these i ntu i ti ons . are . 
particularly strohg is Newtdh's first law. The first 
1 aw states that a b ody in motion will. rem a i n i n motion 
unless acted-on by a force: - It is a strange law 
^►^cause 1 1 di re ct ly contradi cts cur own percepti on. 
Bar everyday experience shows that bodies in motion 




yi^'-r. rO'W witJuiUt, tJir cipji 1 j cd t i oh of a visablo force. 
' ''^'i^i*'^'';:':^^*^' ci hndy in motion rcqui ros' tlio appH- 

i.ition n:', a fovco: Tfuis Icarhinn Newton's first law 
i'^I'lU's tfie unleui-ninr; of certtiin intuitive concept^:" 

. points are illiistratecl witfi student protocols ner ^rated 

think aicuKl. Rosearch and experiences with 
tt\)ch in:', an.n yticu] roasohinq in prbqraPiS fashioned after those of 
•a-thijr' vfiinih(-/ (in focus on five aspects of analytical rcasoniho, 

• ^-''Tt^^^il thinkiruj applied to understandinq complex 

instructions 

? 1"*^' ^^^^^'P'"'^ ...in reasoninq 

f sol vine wor'd firohlen.is 

• ;in,i 1 v:m' n(! trends and pt^tterns_ 

i ijsin'i andlonies in formal contexts 

. ^. .t^ii''.,_ faculty .iDembers at the University of Massa- 
V iiu M'tt v fiav^^ f^rnpose^d - the development of an Analytical Skills 
^^''^•'■'r^'^^\^('^'<'f^..in_the_nepartment of . Rhetoric, which fill 
att(>itpt tn diannose the. causes of students' weaknesses in 
inalvtical 'V^isnriinq ability, and provide instructional programs 
'/I'Lt. t(^ac.h thf>s*v''Hl_ls. The Project will be a joint effort of 
'r^r: thn definrtinents in ehgi heeri ne , physics, matheniatics 
and r''i(^toric:! 



1 arMn and t'^ci f (4) and_others at the University of Califor- 
nu) !'(>fiarti;;ont ot Physics and Group in Science and Mathematics 
[diicntinn havt> contrasted the method of solution of experts 
( Pfofpssnr of [^hvsi cs ) as they solve .physics problems thinkir.rj 
aloud, with the method of solution of a novice (a student who 
had ,(n:;!Metod one Quartor of physics), as he solved pro[)lems the 
s,v*^ way. The record of the novice shows a direct approach^ that 

'^^'■'f'^.^ ^'PPlvihq various physical principles to the problem in 
i)r(\or to produce equations; The equations are then combined to 
[n-oduce tho desired quariti tati ve solution. 

. In contrast, the expierts do not jump directly into a quanti- 
^.^^ti^'AV^^Iytion btjt rather seem first to redescribe the problem 
in qualitative terns. The qualitative description is_close to 
-^^^ n^^'^nti tati ye equf-^t jpns wh i ch . u 1 tima te ly. complete the solution: 
The qiialitative onal^:is secminqly reduces the chances for error 
^.^^j*^^. ^."^^ ^'^^^^'^V checked aoainst _the_ oriqina.1 prob.le.n , ..and it 
outlines an easily remembered description of the global features 
of thp nriqinal probloni. 

In addition to the interpolatibh of the qua! i ta ti v'e_descri p- 
.t."'^'^. f^^^vi ce and export.seem to differ. in the way they store 
[Jhysical pri nci p les . i n thei r memt.ry . The novice seems to store 
^.^''r^l J''^.V'^^"'P.^J^^ T'^^^* vi dua! ly whilc' t.he expert groups, principles 
which are. connected, and stores the;u as i'cfiunks". Thus, seeming- 
ly, when the expert accesses one prin inle from memory, the other 
associated principles become available: 
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IrarkiM {^l] npfiliod this rosoarch to her teaching of a calculus 
^.'^.'^^^^^ P^^>'^.i>'^..C!3ursc. T"en_ s were trai hcd 't.o.apply individ- 

u.illy seven physical principles needed to solve a DC circuit prbb- 
If^ni: After this, the students worked three problems, which could 
be solveci hy systematically applyinQ the learned principles. Then 
five. of the students were qiveh additional training_(one hour) jn 
^r^^^.V^'tatlve analysis and chunk inn. Then al 1 students wereqiven 
throe additional problems, workinfj individually, with tne instruc- 
.^^.^.v '■^'^'^Lt^. the prpblenis. In the 
experimental oroup three students solved all three problems, and 
two solved two. In the other group four of the five students 
S(i1ved_at_ niost.one problem.. Larkin stresses that "if one is 
r-ijus about trvir^q to enable students to solve problems in 
P^i;'''ic-..nioro_effectjvely^_the followinq procedures seem praTiising. 
(r Observe in detail what experts do in solving problems. 
V-J7^5.tr^\ct ^'ro-r these observations the processes which seem 
most hel[^fu1. (3) Teach tnese processes explicitly to students." 

. _. Now, based on this description of wo^^k goihn on in the field, 
^^'^.^ Z^^-. ^^"^^. y^.^ '^^..^.^ .^^9"^^^^^^^^^ do. tn enhance 

the pr(ih1oin soiving capabilities of your enrn'neering students? 

. .••^^r\ll » ypu can continue to do as you have done in the pnst, 
assigning problems, and. either corroctinq therii or prdvidino the 
^^*"*''^-Ct5'Dlutibn, assuming that _, _by this method, your students, 
are learning to be problem solvers. .And indeed, many of them do 
ledrn eriglheerihg problem solving skills in this way. 

Or, you. can present and discUss a logical strategy for 
problerr solving, similar to that described earlier being carried 
on. at Mcr-laster University (5,12) with special guidance bn prbblem 
^^^"^ihg aspects bf homework assignments .carried on independently, 
of the. classroom presentation. In.the classroom, you can present 
hints fcrsolvihn problems, and bffcr sblutions_to example. prob- 
."I.cms, rcniemberinq to call attent.ion to these hints. or examples, 
or write them on the board, so that the students will attend to 
th?h. 

The P^'oblem solving course developed by Stonewater (10), at 
r.'ichigan State, offers a .different, technique, a separate mastery 
It.'tirninq self-[)aced model course which teaches students such 
.thinqs as hnw to [irepare for problem, sol vinq , to draw diaqranis, . 
develop -data tables, and use sub-probleih strategies. The special 
^^'^i^^^^:^ .^f'Vf?1nped by Woods, et al (\2) at. McMaster also, uses a 
rational anp^'oacfi to the teaching of problem solviriq skills. 



.in :!;y opininn, one of the least expensive and least disrUp- 
t i vf? t h i n n 3 y OU c an d n i s to re d u ce emph a s is on the p r odu c t s of 
r>rohJfMM snjvina, on.alv^ays getting the "right answer", and stress 
thf> [irocess of problom solving as ybU present material in the 
classroom. Let. *:he students watch and listen as you, the. expert, 
.tacr'l(> a problci^: i,^t students in on the way yoii discriminate 
t)f'tweeri the relevant and irr£?velant information in your problem 




solvinq pr-ocL'SS, the my in which ycU translate the given problem 
^^^\^.'^'"iPtion into ajnprG workable form, how you redefine the prob- 
l.oMi into tc)v\\- such a?;, force, mopieht, etc., for which you can 
ui'velop equcitidhs, or how you draw diagrams or data tables or 
gr\iphs_to help in this process; Ca 1 1 . the - student ' s attention to 
the [)roce5S by which you break a problem into mor^ manageable sub 
P^'^.^'ts. Permit the students to 1 1 s ten i n . on .your process of . 
develnpling a plan, even where it leads to false starts, and to 
^^'^^^^ ^S^. A .t. .^a^_..yQu_recoqnized that you had chosen the wrong 
path, and how you check for. consistency. In other words, let 
^^>^/^^^^'^^"^^...-^'^^^.^h;^?__scratch paper you have discarded, rather 
than just your elonant . f i nal solution! In elementary courses, 
t^*y , cis j-ochhead and cleiHent have done^ to make sure, students 
understand _ the relationships in equations and are not merely 
()laqqinq in nu'tibers; 

Accnrdinq to Reif (8) and Larkin (4), it is helpful to 

" . .1 ^ . they can organize, the 1 r knov^' ledge base, qua l.i tati vely , 
usiii': v(-ivi1. descriptions to group principles, to "chunk" rela- 
t|^\^'"^^.\l'' j'oi'Vt dut^ t examine problems for 

r.uch rp lalionships rather than immediately spewing forth equations 
(which t'lfW nr itiay not be relevant), 

Ploif (8) points out that some rdnlmdn teaching practices used 
if.V.ef^^ineering courses ,_such_as emphasis on mathematical forma-" 
tioMS, Miay be doletrious to students' skill at problem sdlving, 
^.^^^J/'^ .^^V^'i^V"''^^ verba! or pi.ctgridl descriptions may. also hinder 
the students. Students should probably be . encouraged to use 
verbal descriptions and arciUrehts. btressing linear procedures 
f^^s in cojiibinir.g equations should be down played, while hierarchial 
relations should be stressed. 

. In sumn.ary, pay more attention to the processes of problem 
^f^l VI ng ydiir students use rather than the nroduct_s ^ __and you wi 1 1 
probably do a better job of teaching enqinecrinq problem solving 
^- k i 1 1 5 : 
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A BAekWARD-REASdNING 
MODEL QF PROBLEM SOLVING 

- - - - H: L: ^*arplGS 

OnivorsUy nr" fanibridne (Fnqland) 



In troducti on 

FHis paper presents a description of a typical problem used in 
onq neerinq education in universities and of. the kind of arqument 
and technique which the solution of such problems require ^While it 
has drawn upon an examinatidri of real problems, real cribs and the 
orotocols of real, problem solvers, it is not an analysis of actual 
prob em-solving behaviour. An idealised solver is assumed whose 
knowledge of engineering theory. is supposed to be complete. There 
i|_no discussion of^the difficulties that may beset a problem solver 
who-does not know the theory or the technique required for solving 
ci..giyen_problem. Similarly., real problems, as set, may have 
omissions, ambiguities or obscure. phraseology. Many of them are 
curiously_truncated. to fulfill the purposes of education and 
examinations: Furthermore, hot every problem will conform to ^he 
Classic type. discussed here. Real solutions tod, reveal all 
kinds of^ behaviour on which nd comment is made. Cribs are assumed 
to reveal solutions, in which the swiftest logical progressidn 
t.rgm . problem to. answer is represented. But they, too, may have 
imperfections of argument and__technique and the statements in them 
are^elected. from all those. which have been made by the crib writer 
in the course of his wrestling with the problem. 

_ The paper_provides a relatively simple^ model of problem. sol vinq 
vith an emphasis_on_fgcusing.and backward reasoninq, and concludes 
nth.a. brief discussion of its pdssible value to teachers and 
students : 



See the last, page of this paper. 

97 

104 



1 ( » A r Ui_ 1 y t . 1 c _ r n4-H -r ) I • ( • r • i r 1 H I ^ * u i » I lm ' ! 

Tho or;ijji fi of tfe oducat ioiial problem 

In MuUiSlricil practice, the prototype analytic enjiriGorinq 
Prohloni IS provided by an artefact* about whoso nature enough is 
knnwn to he able to answer questions about its behaviour when it is 
SLibiOLted to certain conditions. A bridqe is subject to dead and 
WindJoads; what . are the stresses in the members? A coolinq system 
has been designed for a _ nuclear reactor; what will be the pressure 
drop_at various rates of flow? An electronic circuit has been put 
tmu'ther to achieve certain_objectives.; how well.is.it likely to 
succeed, In each case the design has been conceived and given 
bufticient form tor the question to be asked and answered*? The 
conditions under which.it. is expected. to perform are specified by 
edict and by nature and the engineer is now required to comment on 
Its behaviour. Calculations of this kind. are required in every 
branrh ot industr-y to "test" designs. All designs are put forward 
in the expectation that they will be subjected to such calculations. 

The questiorK are not always directed at discovering the 
behaviour or_ the artefact.. Sometimes the behavibUr is specified 
and an attribute of the artefact must be discovered which will 
produce t.hat_behaviour. Tor e.xample, a railway vehicle is subjected 
to certain . loads ; with how much camber must the frame be built so 
that it will be straight and level when loaded? Sometimes the 
behaviour is specified and.the conditions under which this behaviour 
will occur are required. A large range of vibration problems come 
under this heading. 

- Speaking broadly, the problems used to train engineers in 
universities have the. same characteristics except that the description 
or^what is happening to the artefact is pruned to the point at which 
only those_aspects having reference to the answers are specified 
in the classic form, an artefact is described first, then what is 
happening to it_and_then the. question Is put which requires the student 
to calculate, with the aid of engineering theory, the value of a 
specified attribute of_either_the artefact or the happening In 
f^ct the world. IS divided into two parts, the artefact and the rest 
ot.the world. The happening specifies what the rest of the world is 
doing to_the_artefact but only just asfar as is necessary to enable 
the student to answer the question asked. Certain attributes of the 



te*^^. "^.^tefact;* rather_than ''system" because "system'.' 
has. much wider connotations and also because it has special meanings 
in Thermodynamics and Control Engineering. 

■^Engineering science is concerned with knowing which questions need 
5P_be asked and how they may be answered. Engineering design is 
concerned wi th imagi ni ng artefacts that will perform the taks for_ 
'^^^^'c^i. they were_conceiyed_and also stand up to the subsequent 

catechism of engineering science. 



inl:!; i^roMon i n'wJ IS ' thn ' ''^ " ' -^^^^^ be taken for ,r3Mted 
.^..y -.roDiei,! in which thcY_are relevant, and usually are nbt 



-MUJtv hut unseen hand is always .t the disposal of the problenr 



vcrl or'the'<;rtSncr'5n?Vf'''''r"''"'' attribute of . fust a 

IS may now be illustratGd by reference to the 



This hroatl aniil 
nrobl em. 

end^wS,;;tf,^f-- at each 

movinq'with voiocitv'v'anH'^h''^'H ""^"^ °^ ^he rod G is 

n.ur., at.3a-'t^lL^d?rect n^ ^ ^^a 

velocty of the rod is then v/., find'the ac'ceieratiS'orr!:^^'' 




Ar/j?f act 
Quest i on 



^orif^t^'^^'''""^ -sse. on a rough 

orfentatioT^ ^^1°-^^-^ - ^ S-en 

Find the acceleration of the centre of the rod. 
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T j2e_ a rtef act 

All artefacts have more than one .. component , Each component 1s _ 
described by a noun, but may be qualified by adjectives or adjectival 
c1 auses.whlch def 1 ne. 1 ts_ attri butes e1 ther. qual 1 tati vely or 
qoantl tati vely: Such attributes have great significance for the 
P'^Q^V^I'.sol yer. _G1 ven two masses ^ a rgd and a.plane^wecould riot be 
sure. whether we are concerned with statics or dynamics, or even a 
prbblem in protective geometry^ However^ the masses are I'smalll' 
so that the moment of Inertia of. each mass aboat.an axis through it 
can be Ignored In comparison with the moment of inertia of the mass 
about any other axis. The rod_ is. "light" and "of. length 2^" so that 
the mass of the rod can be neglected compared with those of the 
masses, and the_ distance between the masses enables the solver to 
calculate moments of inertia (and so forth): The olane is "rough", 
"h^'^^* zorital " and_has_a "friction coefficierit_w!!._s '_'sl idirig" 

will produce friction forces equal to \i times the reaction between 
the surfaces, arid the reaction will be mg. 



These qualifications can be classified under two other headings; 
those that qo to_the_root of the problem arid specify the_riature of the 
artefact which causes the .behaviour , _e . g :. the plane is rough, 
hprizorital and has a coefficierit of frictidri u, arid those that, 
under the "house rules" of the teaching situation, signal appropriate 
behaviour oh the part of the problem solver, e.q. "the rod is light" 
equals "iqnors its mass" and. the "mass is small" equals "treat as 
being concentrated at a point". 



This discussion demonstrates that the description of the. 
artefact^ arid in parti cular, the manner iri which the descriptiori 
of_the components are qualified, may lead to Important inferences 
before the questidrt asked is stated. As we shall see, the question 
asked tells us which of these inferences must be brought into play 
in order to answer it. Furthermore, the nature of the components 
and of their attri butes and the rel atiorishi ps _ speci f led betw^ 
them, give rise to expectations about the branch of engineering 
which is relevant to the arialysis of the artefact 's behavidUr. 

"^.^^^ h^pperiirig 

The happeriirig* is Usually specified by a verb suitably qualifi^?d 
by adverbs or adverbial caluses which define the coriditions gf_the_ 
happening either qualitatively or quantitatively: .^In this instance 
the rod and masses. s i ide .on the .p]ane_and_ the sliding is qualified 
by the conditions that, at a particular time,. the rod and masses have 
particular transl atiorial arid rdtatiorial velocities. 

If_we add the descriptidri df the happehinq to that of the 
artefact we find that our expectations about the branch of 

*We" chds^ tlie"lrfdrY '''hYppWil^^ 

"situation" or "action". because_prgblem sol vers so frequeritly ask 
themselves, "what is actually happening?": 



mo 




rie'^shall'afso^f?^^ th^?"''-"^/I ^'«i'^--and. _ poss i bly .arrowed, 

we snail also find that more attributes of the artefact or of the 
components can be deduced which will only be true for the given 
happening. So, given the initial velocities we ran r^lrni^fo 

<nnri^-V- ^nough a 1 1 r i bu tes of the artefact and hapneninq are 
The .q.aestjoh, unknowns 

ii ^ji^"iBP"-y°- 

Pp drw^migreSec^^hrso;^ ^ m^^Mr 

a h orJ"" -fl°"^v ^he time_and distances to rest a "? e 

path of G. He might even go on to find the force in the rod. 

Jn fact, he is asked fgr_ the acceleration of G so that the 

questionis a means of limiting the calculations required of the 
50lver once the artefact and the_ happening are given. If ?his is 
canculiHnn "^'^^ "'"^^ efficiently by alking What 

a' ina wh.rr^lV' i'^"''"^ '° ^^^^^reci than by 

a^King what calculations are possible: 

. _The question does not_specify explicitly the component of the 

h,^ . In ?h ^ G is not only the centre of the rod 

but also the_centre of gravity of the masses. Consequently the 
solver rnust^focas on the rod and masses and replace ^he p ane by the 
vertical and horizontal forces due to gravity and friction 

his nfeHminJr "F^^"--^^^ ^'^^ ^° whether 

his preliminary hynothesis about the relevance of a particular 

'oa'wabfe""'irtn1h'^'°'"^-'° ^^e analysis of thi s .happening is 
roa.onable. Jf. to the masses and forces defined by the 

n S K°".C^ the artefact, we add the sliding and velocities 

srtha^cJf^rS^-n?^,^! 'i^?mkrs:^f% 

that^the_ propositions of particle dynSlc^w^fJ^ l^l^ ^ 



The Solution 
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lOPs 



Fig: 2: The cr Mb sblUtj gri 




^^•2 velocity of each mass is the 
velocity of 6 plus the velocity 
of the mass relative to G. 



For the rod and masses together 

T h e f r i c t i b h a 1 f 0 r c e s _ a r e 

mutua11y_i^. Hence the total 
acciel . of G, the centre of mass 



vel oci ties 




The frictional forces act in 
the directions opposite to 
the resultant velocities 



forces 




( Ac CO lo rati bh ) 
Rosultant 
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if we look at the crib wc obse-VM that it begins by drawinq 
vector diagrams for the velocities of each of themasses The 
question _asks for the acceleration of G. Clearly, an arqoment is 
iinssing from the crib which enables the solver to know that by startin 
where the crib does, he is making the best first move towards obtainin 

the value of the_ unknown*. We put forward the folldwihg explanation 
for this behaviour. 

Intermediate unknowns 



_ Qur^discussion of the artefact and the happening shown that a 
number of their attributes can be_calcul ated from the givens using 
engineering theory. Each such attribute is an unknown' prior to its 
qalculation,^but is may not be the unknown asked for by the question 
When It has bee_n_calculated, its value can be added to the list of 
givens to determine more unknowns which will be attributes either 
of the artefact or of the happening. Such a process cannot be 
continued indefinitely however, and, sooner or later the value of the 
unknown required by the question will be obtained. Unless the 
required, unknown can be. found by theflrst application of the 
engineering theory to the giveris^ the necessary calculations will 
provide values for a number of unknowns which are hot asked for These 
unwanted values we call intermediate unknowns. 

For the given problem, it is not possible in a single step to 
apply a process to the givens and thereby determine the acceleration 
pf_G,_.We know therefore that there are a number of processes applied 
saccessively to a series of givensto derive the value of the unknown 
from_the_ini tial givens. Each process determines some unknown which 
;s rejected as not being the urikhown required but which at least 
reduces by one. the number of unknowns which must be- found before 
finding the unknown required. At worsts it neither "ives nearer to 
the unkhdwh requ;fred_ngr helps us in our understanding of the 
problem. If, therefore, we can start with the uhkhowri required and 
^P^^''^^^hat Uhkriowris must be found in order that it can be 
calculated from these unknowns, we will have reduced by one the__ 
number. of ^ steps, unknowns and processes required to move from the 
initial givens tgthe required answer. Clearly this backward step 
may have to be repeated, the new Unknown now identified leading to 
the identification of _still_further unknowns, each associated with 
successiv_ely-earlier^sets_of givens, until we arrive at unknowns whose 
values can be determined in terms of the initial givens. Reasbriinq 
which asks__and finds. ^ answer to the question "What unknowns must 
I find to^xalcolate the unknown I want?" will be called "backward 
reasoning The.prpcess of calculating an unknown from givens will 
oe called forward processing". 

Consider the problem. again. The question is: find the 
a^ii^Mration of G, To which a_ possible responsp "i^- "Wha t do we 
*^[! • ^ "^P^^t ^' . of the cribs of_a large number of problems shows that 
a high proportign.begin with the calculation of Uhkriowris which have 
no imnediate connection with the uhkriowh required. 
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need tp know in 6i-der_ to caiculate the accel eratibri of G?"..Let 
□s sappose we see that Newton's Law is applicable here in the form 
a Then we_need_tp_kripw_ P,_the_appl ied fprce_and rrij, the __ 

mass.. We.see that in is known in terms of the givens (= 2ni). The_- 
voridble P, however, is stil 1. not given and is the new unknown. If 
we see that P is the sum of the horizo.ital forces on. the artefact 
and is therefore the sum of the friction forces, we know that P = 
..R for each mass, where R is the vertical reaction between a single 
mass and the plane, and that it acts in a direction opposite to 
the direction of motion of each mass, The new intermediate unknowns 
are therefore R and the directions of motion of the masses: Since 
the plane is_horizontal^R =_mg. For the di rectipns_of_mbtibn we 
need to see. that these are the resul tants_of the velpcity_of 6 and of 
the veldci ties due to r-btatioh about G. The yelbci ty of G is one of 
the givens. The new unknowns are the magnitude and direction of the 
velocity dije to rdtatibri about G. We see that the magnitude can be 
determined by mul tiplying the given angular velocity by the given 
holf-lenqth of the rod and that its direction is at right angles to 
the qiyen orientatipn ofthe rod, and these, are _ gi yen. _ Since we __ 
have shown how all the unknowns whose values need to be calculated 
ib QriJer to eyaluate the acceleratibn bf G can be dete^^^ in 
terms of the qivens, we. are now in a position to perform. the 
" ^0 rwa rd p rbce s sing" wh i c h w i 1 1 c a r ry but t he se c a 1 c u l a t i bh s . 
"Backward reasoning" appears to carry out the necessary calculations 
in reverse only where the steps are so simple that their formal 

setting out is unnecessary. So, for example, seeing that "a"_can 

be obtained from a = P/m (if we know P and m) is a backward reasoning 
step whose forward processing is the precise reverse, viz. given 

P and_m,.a = P/m: But the appreciation that the velocities of 
translation and_rptatipn_can be added_yectprial1y_br .that the two _ 
forces can be added vectorially is quite different from their actual 
addi tibn by fbrward processing. L6ch bperatibri bf this kind requires 
the knowledge Or a specific technique --in this case vector 
addition -- which has been devised, taught and learnt. Thus a 
capacity for planning in some such fashion provides a possible 
explanation for *:he time interval which frequently occurs between 
a_sbl yer readi ng the guestipn_arid beginning to wri te^ Eurthermpre , 
it explains how and why he begins his solution by drawing velocity 
diagrams^ arid then goes bri to draw force diagrams for the addi tibri 
of the friction forces. These are the two steps which can be 
planned backwards but only carried but forwards. 



However, from the discussion on the description of the artefact 
we di scovered that the_exis_terice_pf the_hpr forces _P_ = _ym§ 

for each mass can be inferred without reference to the question 
asked and this part bf the argumerit cbuld have beeri determined by 
the solver and be held at the "ready", as it were, before the backward 
reasoning begins. But he would have no reasori for doing this as 
opposed to calculating the values of the. ki net ic_ energy, etc, i. unless 
he had already decided that it was a problem based upon Newton's 
Law. The latter implies that _fprces_are_regui red an 
the planning_set out above, unless the solver used a house rale of 
this kind; "The value bf u wbuld ribt be giveri uriless the value bf 
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the friction force is required. Therefore note that the friction 

force 15 ;:mq '. 

_ Ifwe assume that he reads the whole question before makinq any 
calculdtions we may suppose that his backward reasoning is 
restraiDed_by his knowledge of the givens, and the forward processing 
he may be tempted to apply to the givens wi11 be restrained by the 
kribwledge__he_has of the unknown required: In difficult cases he 
might have to work from both ends and then find that some of the 
properties specified in the artefact enabled him to calculate a 
middle step in the argument as well. What seems certain is that 
one way or another, the_chain of argument mast be completed. All 
the operations and arguments set out must be accomplished even if 
some are so trivial as to seem scarcely worth the mehtibn. 

Partic-tU^- r^^^rieral analysis 

]n the discussion of backward reasoning it was necessary to 
assume the_ capacity on the part of the problem solver tp_see that 
Newton's taw^ the Friction Laws, the Laws of Vector Addition and 
so forth were_the relevant bits of engineering theory required for the 
solution of the problem, and at what point each bit should be 
brought in. Therecogni tlon processes whereby each relevant bit 
of^theory is invoked at the appropriate point are subtle and complex, 
and the descriptidh put forward here is no more than a first step 
towards their analysis. 

r^-we. consider the crib, we see that the solution consists of 
a set of particular statements of general propositions. The 
^^^o-lty diagrams are_particular examples of the law of vector 
addition and of the general proposition (written alongside them) 
concerning the relationship of the velocity of any point on a body 
tp_ the velocity of the centre.of gravity of the body. The_force 
diagram is a particular example bf_the laws of vector addition and 
of the general_propos1tion (written alongside Itj that frictldrial 
forces oppose the direction of motldh. The final equation 
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"^cceleratiph of G = ymg/T /2m"_is a particular statement of Newton's 
Law whose general statement specifies that a body free to move under 
the action pf_a system_of. external ly applied forces experiences 
an acceleration equal to the resultant force divided by the_tptal 
. 1^0^^ briefly we say_and_ remember "Force equals mass times 
acceleration". Even more briefly we remember "P = ma". 
Whatever the form in which it_is remembered, it is not associated 
with a particular force, a particular mass or a particular 
acceleration: If anything is envisaged it_is a rectangular block 
with twp_arrows, pne representing force and the other -- possibly 
double-headed -- to represent acceleration. 

^rTizD 

The mass can be anything: an aeroplane, a car, AJ^uantity of 
fluid, what you will, andthe origins of the forces and.the magnitude 
of the acceleration change accordingly. In this sense P = ma applies 
to all artefacts which are free to move and is, therefore, of great 
general ity. 

__ _Thi_law F_=_uR describes the relationship between the. tangential 
and normal forces on two bodies in sliding contact and ajDplies to all 
such circumsta_hces^_ _When we remember it in this form we have neither 
the particular surfaces in mind nor the ci rcurristance- which jDress 
them together arid make them slide upon one another. 

It would appear that we store pur working versiph of engineering 
thepry in a series of shorthand statements , many of them of the 
kind P = ma and F = uR, and that it is iri these fbrms_that_the theory 
'is.brpught intp play to solve problems. Behind each shorthand lies 
a more comprehensive statement of the prdpdsitibri which recognises 
"i^s 1 imi tatipris and defines, i ts _ terms, with more precision. Behind 
these statements lie physical descriptions which enable the User to 
represent the circumstarices as sbci a ted w^^ proposition 
pictorially or diagramatical ly . . The engineering model of the 
real circumstances has a pictorial represeritatipri^ a_symbplic or 
fTiath^matical representation and a representation in precise 
English:. The use of the symbolic represeritatidri implies the use of the 
pictorial representatipn even if this is not set down expl ici tly . 
And this must beso since the various general propositions Used iri 
the course of sdlvirig a problem are_true only wi th respect to particular- 
parts of the artefact, in fact, the focusing on which we have 
already commented in cdririectidri with the form in which_the 
gyestipn is asked occurs each time the sol ver ' s_efforts are 
directed- towards determining another Urikridwri. Fdcusirig is ari 
irieyitable cbncpmitarit p general proposition invoked and each 

intermediate unknown pursued: 

Consider the problem again:. The question as put directs 
attention td the rdd arid masses iri assdciatibn with P = ma^_ The 
qyest_for a is replaced by the quest for P, and F = iiR is. thereby 
invoked: _Bat F = uR is associated with a fdcUs dri the pdirit df 
cdritact df either bf the masses with the table. The two velocity 
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diagrams are associated with a focas on each mass in turn. The 

e^^'cit^ s°o\?Ite^'%;^"'-^ ^^'^^ -"^^ "^^^^ Snguiar 

length^lhe rod" ' = ^^'^^ ^ °" 

nf rnm" n'°'.^-"r'' Seneral engineering propositions are true only 
Of componeMts of an artefact, It seems apparent, therefore that 
the process pf _solving this problem involves the recognit[on o? a 
for"thp°L?"''^'>^'' ^^ -^Pmmate to the proposition requ red 
™n^-^''T"E-'-" °^ intermediate unknown. The aoint 
r|CQgnition or the subsystems on which the solver should focus and 
of the propositions that_ go with it is an important part of the total 
description o%'tL"°"^^''^"''^■f ^ °"^^™^^^ from'the 

dfrec s he seaJch fnrlpip' '^' °k reasoninc 
airects tne_search for relevant subsystems and their prooerties 

explain ,n some degree how these acts of recognition are made ' 

So, for example, if the applicability of Newton's taw to the 
od and masses leads u_s_to attempt the evaluation of P. w" n"ed then 
frictinn.^ri m^this particular case_P is the resultant of the 

frictional forces. He then_generaiise the friction situation to 
recognise that the laws of sliding friction apply. This leads us to 
recognize the need to find the direction of motion_of each mass 
which in turn_leads us to invoke the general rule for the direction 
of motion of any point on a body_and_ then to determine this motion 
in the particular instance, and so on: 

.■h .i" ^^^9^ '^^le Serieralization process begins with the artefact, 
the^happening, and the question. The rod and masses must be perceived 
?L nT- '^""^ friction as a source of applied force, and 

the initial_velocities and the request for acceleration as an 
invitation to apply the laws of ^dynamics to the ensuing motion. 
The impact of each interpretation is cumulative. The interpretation 
must be hypothetical in the firstly but as each additional 

component of the_problem description confirms the original hypothesis 
tbe_solver becomes more certain that his first surmise is correct 
Jt such confirmation is_not_forthcoming, the solver raises further- 
hypotheses and tests these against each bit of the problem 
description to ensure that no ambiguities or inconsistencies exist 
The process is like any other recognition process, and since the 
infprmajion is very dense, there are a large number of bits of 
information in a single problemdescription, all of which must be 
consistent with the chosen interpretation. 

Figure 4 shows the relationship of the particular to the 
generaLat_al1 stages of the solution, and the way in which the 
focus changes as each particular question draws attention to a new 
intennediate_unknown. Generalizations from the artefact the 
happening and the- unknown build up to the recognition that Newton's 
Law IS the geheralization to invoke. Arrows labeled G' with their 
heads in the general column imply the question "What generalization 
most^we invoke in order to_eyal uate the particular unknown?" Arrows 
labeled P? and haying their heads in the particular column imply 
the question "What, in this particular case, is the value of the 
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4. Partlcular-General-Fdcus Chart 



5 



Particular 



General 



Artefact : a rod & two small nias::GS 
on a _ rough horizontal 
table 



Complex mass subject 



to Friction forces. 
Dynamic Theory 



en i rig : slides^ jri given 

orientation, with initial should apply to 
yGlgcities of trans latiori — ^ subsequent motion 
8. rotation | 



^ Unknown: acceleratiori of -...^ ^ 60 



It) = 2 m 



a- - P/m (Newton's 
7t~ i-aw) 



P =^Frictidnal Forces^ 



_ p Is ::^^J^ Friction Laws 
F ;,mq for "each mass -Jli^^ _ 

F = liR 

F - - P i C^) - 

Diroction of vel: of each '- F .opposes direction 

mass of mdtibri 



Vel . of point i s 
Vel; of G plus 



Vel. of pt. _ 
^rlijo^ relative to G 




Laws _ of vector 
addi tion 



Laws of vector 



addi tion 



^^^^V^jr a ^ _P/m 



at 165 to direction of motion 



synjbol^ Identified in the general proposition?" If we number off 
fach of these ques_tions_as in the figure, we see that numbers ^-rQ 
inclu?ive^reproduce_most of the particular questions whose sequence 
IS set out in Fig 3, _In_addition, these also specify the general 
questionswhich identify the propositions that enable the solver 
to replace his quest for one unknown by a quest for another nearer 
to the qivens. 

_ «s soon as the solver finds himself in a position to draw the 
veiocity^d-agrams, he can begin forward processing by using his 
■jeneral law-_-of vector addition_and_going forward along his planned 
sequence. _Th| translation from general to particular is no longer 
in the form of^a question, but ah application of the general law 
to the particular_instance. In fact, the move labeled A(II) 
M^ r r??ln^^'"'°"^ processes all the planning moves from G? 
(4) to G?(10). Its_r5sult is the values of the friction forces at 
rightangies to each other; Thair summatiori P?{3) must be 
recognizea to require the vector addition of forces G?(12), and 
A(lJj actud b does this_in_the particular case. Finally, the solver 
invokes S?(l) again at G?(14), arid applies this and P?(2j in A(15) 
to get the answer. 

it seems clear that this collection of acts of recoqnition of 
focusing, of r.asoning_and of processing must be uhdert^kiJ by any 
splyerwho succeeds: It i: also clear that they do not have to be 
undertaken in the precise order given by Fig: 4. 

p...,.".^^y^!?^''.^^"'''^t^ie_order given seems to be the most 
efficient and logical one possible; Any order which involves 
j^orking forwards from the givens_ without recognizing that a first 
n^^HoH """'^ friction forces Wuse they are 

calrnl.Hn.';^^H'''°'^°" ^'^ f^^wton • s Jqua tioru Sa^WTl result in 
calca]ating other unknowns which turn out not to be intermediate 
between the givens and the answer. i"i.ermeuiaue 

Summ€i-ry--t<> this Point 

.'''^;i^'^escription_of a particular problem and of the processes 
required for its solution emphasises three main aspects of problem 
^° ^^"'^ it_provjdes an analysis of the problem statement 

whicbshows how useful inferences arid moves towards the solution 
a'bisf.'"fnr f*f t,efore the question is asked, and which establishes 
a basis for the rec9gnition of all the possible foci to which a 
solver can direct his atteritiori. 

r,ni,n it shows how a focus, a_general ization and intermediate 

unknowns are always_associated and that a number of ihstarices of 
suchassociation are required to produce a solution. Each such 
occasion, therefore, provides the possibility of three forms of 
|ttack. The solver can ask "Given an intermediate unknown, what 
focus and general i zatibri is_true of it and what intermediate 
unknown IS then raised?" or "If this general izatibri is true of the 
happening, what focu^ is required to express it and what intermediate 
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unknowMs will then be raised?" or "Taking this focus., what 
geheraliration is true of it and what ihtermediate uhkhdwhs will 
then be raised?": 

Third, it demonstrates how, because tlie solution involves a 
forward processing technique, a qualitative plan using backward 

'^^asoning is a necessary part of the process. The backward reasoning 
diagram, of course, is not drawn but its equivalent occurs in the 
"^^•^^^ o^ ^^ome such argument ^a^ "The frictigh. forces are the cause 
of the deceleration; friction acts as a-direction opposing motion 
so I shall have to find the direction of the velocities gfthe 
[l^asses"^ _ln_mgst problems such plans are not essential but a 
backward reasoning approach provides one means of entering upon 
a sdlutioh when acgmplete plan for it is still hidden from the 
solver. He asks.first^_"Given the unknown required, what fdcUs and 
V^3t jeneral izatiori wi 1 1 prgduce_an_equatign_containing it and what 
intermediate unknowns will this equation reveal?". He then repeats 
^^^ 9"^.^^^'°'^ ^^^^ iDf the ihterpdiate unkng the. unknown 

»:*enulred_unti 1 no more intermediate unknowns turn up in his 
equations: The elimination of the ihtermediate Urikriowhs from these 
equations will then provide the answer. 

T-H€ -i^^l^ ati ons for_ t he teacher 

For teachers the important quest igh model 
''^scribes actual problem solving behaviour (although we have some 
:)rroborati ve data from the analysis of the errors in 122 
examination scripts and protocols of the solutions from six staff 
members], but- how useful such a model might be for teaching students 
tp.solye prgblems and.fgr the students themselves. Usefulness 
depends upon the width of the range of problems to which it is 
3Ppl icabl e, how sigrii f i cant an increase _ in _ the_ k^ required 
for problem solving it represents andwhether it can be used as 
a pedagogic aid. The next three sections discuss each of these 
questions oriefly. 

The range of pr oblems 

It is clear that the mgdel is_concerned _ wi th the way 

principles and procedures are put together to provide solutions 
si^d is in rid sense a replacement them^ .Since procedures_are 
always forward-processing sequences^ solutions which depend hfravily 
upon them will only irivdlve backward reasdriirig td the extent oT 
recognizing that to obtain the unknown required a particular 
procedure must be used .Procedure iricl udehgt only the 

generalizations to be applied to each focus, bat also rales for 
sellctirig foci arid the order iri which they are takeri. This 
characteristic of procedures is most easily seen in a11 those . 
prdblems which cari be sdlved by the use of vector diagrams. The 
so-called "method of sections" of statics_is a gggd_example_of a 
change of focus using the same generalization when the rules for 
the _se1 ection_ of _fgci _fai 1 _to Qrgvide_yal yes gf the intermedial 
unknowns required next, it might be better recognized as such. 
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The model applies_equaily to all subjects, which differ hot 
oGly in the generalizations involved but also in the character 
of the foci. Some of them_show interesting complementary foci 
For example. Joints and members in structures arid mechanics, states 
aneLprocesses in thermodyriamics , of course, considerable emphasis 
IS laid upon the necessity of defining the "system" or the "control 
volume as a preliminary to the calculations. In mechanics a 
similar emphasis is often laid upon the drawing of "free-bddv 
diagrams". _ 

__ It seems that all problem statements provide, scope_ for solvers 
to^ invoke a wider rarige of _fgcus, .generalization and intermediate 
unknown than is needed to answer the questions asked. Difficulty 
is^experienced by the solver if the cues for the right selection are 
not clear. Backward reasoning is one of the aids to makirig such 
selections: If it is not clear what principle is applicable to the 
happening, he canask what equation will contain the unknown required 
If the generalization is known, he cari ask what focus will introckjce 
the unknown required, __When_the particular version of the general izatidri 
IS written the relevant intermediate unkridwris are disclosed and the 
same questions can be asked about them. 



The m odel a s- a rt^ ^^44^i ^-tHD problem>so1 vinq knowledge 

It has. to be recognized that the process knowledge embodied 
^" ^'^e ii^^Jel is already possessed by raost_engineering students iA^heri 
they arrive at the University, even if irifdrmally and implicitly. 
Somehdw, they manage to carry out the operations suggested by the 
fT;odel . 



When teaching a specific element df erigirieering theory, the 
procedures riecessary fgr_its_use tend to be made explicit and 
to be taught as part of the subject. The use df the "Method_gf 
.S^f^uctUres ari^ t|]e_emphasis on defining the system 
in Thermodynamics are cases in point: Furthermdre, any prdcedUre 
^^^^.^^.^•^^^•^^^^J^o J^andle a specif ic class_of. problem specifies the 
Pi^pcesses tg_be_used as well as the .theory to be applied. The rtiddel , 
therefore, is l^ikely to be most useful iri haridlirig problems which 
are dff the "beateri track". 

_.. . ?^js alsd well-known that_stu^ have difficulty in 

assimilating into their handling of a variety of subjects a 
technique which is cdmmdn td all of them and taught separately. 
Tf^e.use gf di fferential equations is a case in point. Similar 
difficulties would have to be expected if the use df the model 
were included iri the curriculum. 

The model as an aid t ^ pedagogy 

The student sdlver tUrris td the teacher when he is "stuck". 

Tbe_teacher can then. adopt one of two strategies. -He can either 

demonstrate the solution by talking it through iri frorit of the 



111 

^18 



student i or he can attempt a Socratic dialogae to discover just 
where the student's difficulty lies. A teacher who adopts the 
second strategy frequently f^'nds that if his questions are 
relatively ^open"^ the student cannot see what he is driving at while 
1l he "closes" them_to the_pbirjt at which the student understands 
him, he his, in effect, done the student's thinking for him. 

If the teacher knows.the model and the student doesn't, he 
wi 11 have a further set of dperi questions at his disposal which the 
student will fail to understand. If both know the.model , the 
teacher is provided with a hew range of open questions which can be 
understopd_by _ the student and which will direct the student's 
attention to particular aspects of the solution and discover what 
part of it is hot available to him. 

Typical questions could be: "What is really happening here?", 
"In what terms are you going to describe the happehihg?", "What 
principle is applicable to this happehihg?" i "Of which component of 
th^} a>-tefact is the unknown required an attribute?", "What 
geherdl izatiph appl ies to this.cpmpoheht whlch_ will_ihclude th^ 
unknown required?", "What are the possible foci in the problem'!'" , 
'.'^ayi you considered focus X?" , "What iriferehce can you m^^ ^rP^ 
a consideration of focus X?", "Which foci will introduce the unknown 
requi red?" . 

Our expectations are, therefore, that the model would be 
relevant to examples.pf the classic. analytic _engiheering_prpblem_ in 
all subjects; that its formal exposition is not likely to improve 

students ' .prpblem-splving abil i ties noticeably^ but that i t 

provides an additional set of. terms inwhich teachers can discuss 
the processes of problem solving, provided both teacher ahd 
student are familiar with them. 
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LEARNING SKILLS AS AN OVERLAY 
IN ELEMENTARY CALGULUS 

Jeffrey Brown 

Marianopoli's Cdlleqe 



INTRODUerieN 



.n ^ "^f".°"^-""5iders the magm tode of the task involved in pursuing 

education in onqi peering or in the sciences, it is obvious that qrSss 
inefficiennes in thejearning process _cannot be tolerated Y^t in a 
y^ry real sense on-the-job training" for university students has been 
nonexistent: A student entering a_ university is prLented with thi 
troU tn^^r^^^'-'K^' is^P^ovided with all the necessary materials and 
hfn H K The product_ca 11 ed_ knowledge, which must then 

uh?rh H^t IS inspected by a quality-control department 

which detects only the flaws in the product and not the difficulties 
experienced or the_inefficiencies present in the student's execution 
brain factory"^ "° ^^e 

. , ^'^^f P''°9ram intended to provid engineering students With 

instruction i n_problem-solving skills, Professor D. R. Woods f Chemical 
Engineering Department, McMaster's University) found that little if 
any progress_Sould_be made in this area without first prov ding 

he results of ,^^^?l"9 rkms (3). ' This_is not surprising because 
the^results of the learning process form much of the input to the 
problem-spying process. The need for improved powers of perception 
rn.%"K^r^''4°!;"^^^^^ iLscheduling and planning, and thi requ ri= 
ment that knowledge be carefully structured, make a program in 
learning skills a prerequisite to instruction in problem solving. 

^kinc°[nfr^J''"^ author has incbrpprated a program of learning 
skills into coursesin Elementary Calculus in an overlay format an 
approach suggested by Professor 0, M. Fuller IChemica EngTnierinq 

ov%'ra LlaratI' oo"*'''^^'^^---'^ seJeraf^^dVantlges 
course it dn«c nnt^'^r ' ^ ^ incorporated into an existing 

s?nrr^hl ct°H^ on a student's time. 

c'asi thP tl"J'n*on'"--^' P'E^'"" ^^"''^^"9 "1<="1"5 in the same 
c.ass, the two programs can- be combined to develop both learnina 

skills_and mathematical skill_s_simultaneously. In particular ixer^ 
U^rill ^^^.^"^ns.skills can be based upon existing needs of the 
students rather than on certain additional material introduced in the 
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interest of uni toriiij ty , Finally, as the term progresses , _the content 
and principles of the learniiiy-skms program can be reinforced and 
repeatedly applied within the context of calculus. 

!^^iere are, of cour'4e_, seyeral_disadyantages to the overlay approach. 

Because time is taken from instraction in calculus, the content of the 
learniny skills program must be limited to the most essential topics. 
This format also places restrictions on the amount of time available 
for open discussion of the content. Finally^ it suffers from the fact 
that _the_student is left to interpret and apply the principles of the 
program to other disciplines. 

_ !n spite of these weaknesses, on the basis of subsequent student 
evaluations, the content of the considered helpful by a 

substantial majority of students aid they have urged that the program 
be continued. 

The learning-skills program deals with five specific topics: 

1: Planning -- suggestions for managing time. 

l\ Memory the structure of the human memory and the implica- 
tions of this structure for the learning process. 

3. Objectives a discussion of the meaning of comprehension 

and expertise. 

4. Content an analysis of the material presented in a typical 

course in engineering or science. 

5. Methods -- a presentation of a structured program of study 

acti vi ties . 

The program of instruction in learning skills is accomplished by 
deypting the.fjrst five hours of the calculus course to a detailed 
discussion of these topics: This discussion provides a fduridatidri 
'^pon which the calculus program can be constructed. The list of study 
objectivps and the analysis of course content furnishes a frame of 
reference in which each new_segme calcul us _ program can be 

located, while simulation of the suggested study methods In the 
lectures provides hot only a mbdel _fbr the Jtuden^ but a means .for_ 
communicating many of the fundamental .concepts of- the calculus program. 
In addition, the introduction of the learriihg-skills jDrpgram has had a 
noticeably beneficial effect on the author's teaching methods. 



PLANNING 

The first topic for discussion is the sc i ng of time. Stu- 
dents must be convinced that the most.important factor in scholastic 
success is the time spent in study. Though one student may_be_more 
successful than another for a given time input, an individual *s degree 
of success will vary almost directly with the time spent in study. 
It is therefore essential that control be exercised over time, the 
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student's most iniportant r-esource. 

In the book. How to Study in College, Paok (1) describes several 

approaches to time management. A number of thesi techniques are dis 

stad^ nhlp.\ ^'^■"^^ '^'^-"^^^^ significant is thi nied ?or 

stady_object ves It_is stressed that a student have a well-defined 
r!^ri'lL°^'^^''^ when_studying, and a method for evaluat ng prSess 
w?n ?in5 :r'^?^t^dent Who sets immediate study objectives 

^ o -1- -'''^- *° "^ain to study and much of the time wasted in 
a mless wandering through notes_and te;<tboDks (in the absence Of 

I ivefisTdlff li^'n^^'- °" hand,' etti g such 

nrnn^.m^ c ^ i''^* ai-" Of this 

program w.s to provide the students with a carefully structured 
collection of learning activities from which to choose. 

MEMORY 

One criterion for a learning activity is that it be consistent 
with current theories of forgetting and learning As in the casi of 
planning, much of the class discussion on memory is ba ed on the 
a dlh^'nr^" n? P^'^^ ^l)^ ^^'^i^^^^^in§-the structure of the memory 
oShasized °" forgetting, the following points are 

1. Tree Structure --The student should strive to structure new 
information in the_form of trees having at most six 
branches at any node: This type of_structure appears to 
be most__compatible with the structure of the-memory as 
revealed^through psychological studies. It facilitates 
the recall or^specific information by increasing the 
number of paths_of approach, and enhances the transfer 
Otinformation from the long-term memory (used for 
storage) to the active memory (used for thought), by 
th^n°L-'^.-^^ transfer of blocks of related facts rather 
than the transfer of one fact at a time. 

2. Staggered Recall - in order to learn and retain information 

one_mustforce_ the periodic recall of the information 
at_interva s of several days. The work of K. Gordon as 
described in Pauk (1) substantiates the wisdon of this 
approach. 

3. Recitation -;grn_recitation of information to be learned 

results in a significant improvement in learning 
efficiency It_might be speculated that the sounds 
perceived by the ear produce a separate trace of the 
information at a different location in memory. 

4. Written Notes --Written notations produce yet another trace 

oT the information in memory: Moreover, in order to 
stagger recall over longer periods of time written 
notations become an important source of cues for future 
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5. Creativity A student mast strive to contribute original 
•^pnteht to the learning process because infdrmatidh 
formulated by the learner makes a stronger trace in the 
memory than does ihfdrmatidh hi:>sed on by others. 

It is stressed that constant awareness and proper implementation 
Qfthese five madprprihciplesare essential to an efficierit_]earhlng_ 
process. Students are guided into a program of study activities which 
focuses on these principles. 



OBJECTIVES 

In addition to considering the current theories on learning, a 

stydent.must also choose. short- tenri. study.objectiyes and learning 

activities which are consistent with the broader objectives of learning; 
As the discus si dn turns to the pbjectiyes_of learning, students gener- 
ally agree that the goal of their education is to develop an ability to 
perceive, formulate and solve problems. To place learning objectives 
in proper context the discussion therefore begins with a brief intro- 
duction to the six phases of the problem-solving process. These are: 

1: Analysis to divide the problem into its component sub- 
problems. 

2. interpretation -- to transform or restate the subproblems in 

terms of familiar concepts^ ideas and facts. 

3. Recbgnition --_tp_lpcate each subjDrbblem within the ajDjDrb- 

priate discipline; 

4. Procedures --to apply or modify established procedures for 

application to the subproblems. 

5. Synthesis to combine the solutions of the various sub- 

problems into a total sblutibn. 

6. Evaluatibh tb evaluate this sblutibri in the light of 

rea 1 i ty . 

Several examples of practical problems are discussed in order to 
illustrate these phases: It is pointed out during the discussion that 
iGterprey tibhi recbgni tip in which. individual 

courses make contributions to problem-solving skills. Analysis^ 
synthesis and evaluatibri are which develbp as a result bf brie's 

total intellectual experience. 

_ .After having .acquainted the studen role. to be.played 

by individual courses in the development of problem-solving skills, 
the program cbhtinues with a cohsideratibn bfbbjectiyes_fbr learning 
in a course in engineering or science. To begin the discussion, stu- 
dents are asked tb contribute pbssible bbjectives fbr learning in such 
a course. The most common responses are "to understand" and "to be 
able to apply", which are germed Comprehension and Expertise respec- 
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tjvely: Because the. students seem to have difficulty being more ex- 
plicit, jt is necessary to discUss both objectives in greater detail 

^' °'""'the s'cnn^ Jr^h' -"^"tal view of the content and 

the scope of the subject so that all aspects of the 
aialo':je can be kept in proper perspective. 

^ ^''"'accara°te?y?^^^ ^° '^"^^ '"'^ '^'^^ significant facts 

^' '"^'"^^IT^' f° be able to rephrase a statement for the 
parposes of clarification or simplification. 

'"'''pler'or ylt^M '^-H statements with exam- 

pies or with arguments framed by linking facts and 
examples together in a logical fashion. 

5. Evaluation -- to be able to appraise the accuracy and rele- 
vance of what is heard through the recall of facts and 
ani cCunJ:r"e^xampf°s^^"^"^'" °^ ^---pretations, examples. 

abstrirPiSr^f""'^')^ of _comprehensipn supersedes the students' 
solutf^ri wh,M -""'"3-^°n' question having no known defin tive 
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1. interpretation to be able to rephrase the statement bt an 
Uhf ami liar exercise In a variety of ways. 

3. Recognition -- to be able to match one of the interpretations 
of the unfamiliar exercise with one of the listings in 
the catalogue: 



4: Procedures--- to be able to apply accurately the appropriate 
established procedure. 



5. Evaluation -- to be able to appraise the validity of the pro- 
posed solution in terms of expectations and past 
experience: 



This discussion of Comprehension and Expertise results 1n.a__ 
^P^i^eabl e imprbvem^^ esjDecial ly 

when dealing with a student's weaknesses or when discussing the 
objectives of homework assignments or examination questions. Further- 
more* this discussion.pinppints two specific ski 1 1 s which. normally 
would not have -been addressed by the student: The Importance of skill 
ib ihternr^tation Jhd sk]\l_l in evalu is_punctuated_by the fact _ 

that they alone are. requirements of _both_eomprehens ion and Expertise, 
not to mentidri prdblem-sdlving itself. Finally this development of 
learning objectives provides the students with a frame of reference In 
which to locate the objectives of chosen study activities. 

CONTENT 

When choosing study activities the student must be concerned with 
the general classification of course content and with the role to be 
played by each of the various types of information' In a manifestation 
of Comprehension or of Expertise. In addition to assisting students 
Ib.chppsihg study_activitieSi an awarenes of the nature of course 
content has a positive-effect on perception: During the previously 
rrieht i dried prdgrahfi. Professor Wpods_became_ac the_ 
difficulties which students have In perceiving the content of a lecture. 
Perception, more than any other skill necessary fdr learriirig_, is_ 
dependent up6n the student's total experience and expectations of the 
future: For information to register on an individual's mirid It rriUst 
align with spme_bit_pf_information already stored in the mind. For 
it to lock in it mast f i t . 1 1 ke a key^ The difficulty associated with 
perceptidri cariridt be elimiriated by reshaping the_ information. The 
problem is not the^hape of the key, it is the absence of the keyhole; 
This problem can be lessened appreciably through a detailed study of 
the structure and purpose of course content in general. 

/ ^p t)egiri the discussion of cbhte students are asked to 

contribute some general headings: The_responses include discussion, 

^^^'^Pl^s arid dehidristratidri^ grouped into two 

general categories. Concepts (discussion and theory) -and- Experience 
(examples and demonstrations). Td carry this study further, the 
fbllbwirig classification of Content is presented: 
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I. Concepts 
A: Theory 

1: Definitions -- the established terminology of the 
subject. 

2. Facts -- theorems, laws, principles, important formulas, 

etc, 

3. Sequentials proofs, deri vatidhs , arguments, physical 

or biological processes, etc. 

B, Discussion 

1. interpretations descriptidris_and_simplifications of 

definitions^, facts and sequentials: 

2. Insights examples, counterexamples and antiexampVes . 

II. Experience 

A. Examples 

1: Classificatidri --_a_generalization of the statement of 

an example exercise: 
2: General procedure,:- a general statement of the pro- 
_ cedure employed in the solution. 

3. tikely errors --a descriptibnof the context of any 

type bf_exercise or step in a procedure which 
freqaentl^y results in an error, and_a description 
df the_methods necessary to avoid the mistake. 

4. Special cases adescriptidri df situations which 

require special procedures, and a description 
of these procedures. 

B. Perspectiyes_--_information to be used in forming 

expectations about the sdlutipn of exercises, or 
td be used in the evaluation of proposed solutidris. 

T . J^^^I^''f^JyP^^o^ infdr are self-explanatory 

in contrast both_inte_rpretations and insights are discussed in some 

-i*^ ; order^to acquire further understanding of interpretations, 
the students are iritrdduced_to_t six media used for interpretat on 

for^thile^lfit'f Jhe'Sr'^^" '''''''''' ^^^"^^^ 

1. Verbal -- using words. 

The derivative of f(x) at a poirit x = x^ is the instan- 
taneous rate of change of f(x) at x = x 

0 




Visual -- using pictures of graphs. 

f'(x^) is the slope of the 

line AB tahgerit to the 

graph of y = f(x) at the point 

(x^, f(x^)). 

Symbolic Using established symbolism. 



y=-fw 




f.(, ) . Lvm - ^(^1 



, ... 



(In mathematics, the symbolic interpretation usually i_s 
the definition). 



Dynamic -- in terms of mbviny objects 



f (Xq) is the limit of the 

slope of the line AB as the 
ppint B slides along the 
corvf? y-= f(x) and merges 
with point A. 




Analogical -- through an analogy with familiar concepts: 

f'(x^) is to ftx^) as the steepnes of a hill at a 
certain point is to the elevation at that point. 



6. Combinational -- as a combination of more familiar concepts. 

f'(x^) is a cbfTibihatibh bf 

1. The slope of the line joining two points 

2. The theory bf limits. 

Of course, these examples canri 

cussion of interpretations because the students are not yet familiar 
with the notion of the derivative. The author interprets the various 
trigcnbmetric_f uhctiohs_i nstead. The. importance of haying fa ci 1 i ty 
in Interpretation cannot be overemphasized in any program on learning 
skills. Only through iriterpretatibhs are_the concepts bf bne_disc1- 
pline applicable to another, especially in quantitative subjects 
where there is an endless dialogue between fnathematics and the real 
wbrld^ Thterpretatibns_a]sp_cbnt to recall because they provide 

a number of distinct paths of approach to a definition or fact which 
oi^ly parti al ly reiT^^ and reasoning 

the forgotten details.freqaently can.be reconstructed. Since inter- 
P'^^^^tidns are sifTiplified yersibris of the brigihal deflnitibn or factj 
Interpretations often can be recalled over a much longer period of 
time than the sophisticated original ihfdrfnatibri. 
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The discQssion of concepts concludes with several remarks concer- 
ning the value_of insights. In order to evaluate the various contri- 
butions tnade to a dialogue, a participant must have access to a wealth 
otexanples, counterexamples and antiexamples: fis in the case of 
interpretations, the^ability to recall and formulate insights is a 
f undamenta 1 ski 1 1 sel dOrtl addressed_ by students who have bad no formal 
exposure tpleirning skills. The importance of this skill is illus- 
B^nn .l^^^^H^^ during the calculus_course. as the usual multitude 
or qoestions from studentsare resolved using simple insights FOr 
nor". m^nw™° 1 3 c r 1 ti ca 1 poi n t Of y = ^3, b ut neither a maximum 
orJi h Itjs also_stressed that insights are a valuable aid tO 

recall, becausejnrormation partially recalled often can be recon- 
structed through knowledge Of a __simple example or counterexample 
Furthermore, It i|_shown that important information which is recalled 

the loV^Hnll'hl •""'''{u*"'°"9^--*-^^^^^"^ ^^'"Pl^ insights. Thus 

^ quotient-rule for differentiation can 

be checked by computing the derivative Of y = x-1 two ways, even if 
d textbook IS not on hand. 

^ It Is _also pointed Out that_one reason for the students' lack Of 
knowledge in the field of insights is because such Insights usually 
on^.HnrU!? a studentls_question; often neither the 

question , or the insight i^- esented on the board. Certainly some 

l^S^^'l^s'^i^ ' ''''' developm-e^t^T 

ob^fnfn ih as is the case in Concepts, and has to' be 

^ItPmpn^ generalization: It is stressed that 

in the tlxf i/^Jf f A specific example worked in class or 

content of thi ^^-"^ ""t 1 the student has abstracted the 

omni^ - iu ^"'^ solution, and has analyzed the procedure 

DroJefses'o%*o'y°^"-^'°^ a'^^^*!""^ emphasized tnat ?hr 

^^mHv analysis must become part of the 

'thpV-*^''-^'!^"^ ^'^^^ student. One study habit referred to as 
The two°h.^L"'H^K^^"-i*^ ^''--'P^"^^'^^ criticized in thi regard 
sees the studpnt'nil*-'' title given tO_the_study practici wh ch 
hand transcr?Kp| P;a<=i"9 one hand_pn_a given example while the other 
S.tPd?f .irl -3*.u-^'?^'PP'"°P^^^t^ *=h3"9es in symbolism. It is 
repiitedly stressed that this method, which for many students is 
standard practice, runs:_ precisely counter to the percip?ion of 
generalizatio""' circumvents every aspect of 'analysis and 



Such^information as the graphs of the powers of x- the tridb; 
nometnc functiOn_s; of of the families y I a^ and y = log.f 

nir^^ "tl 9'"'P^^ <=^^^"9^ as a result of algebra c ojera- 

in Mlch^nlr%"-'*r^-*' perspectives in EllmlnEaS Calcu us 

for fsp *^Pu"^ perspectives wOuld include a spectrum^of values 

Srto h'f'°"' P^ysicaLguantities. and approximate conversion 

2u?rf.11* nf ^"'^ ^y^t^-^s- In Biology taxonomy 

would fall under perspectives, while species of specific interlst 
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would be classifiied as insights. 



Thoagh at times it seems that students have no api3reciatidn for 
the distinction between '^wrbng'' and^ the actual diffi- 

culty is that few students anticipate solutions or evaluate solutions 
^J": terms of these expectations . The cause_ of _this_i s_a 
lack of knowledge of perspectives: As a store of this type of infor- 
mation bui Ids , anticipation and eyalUatidri become spbntariepus^Becaus 
o^_the_pverlay format of our program of learning skills, we often get 
a chance to illustrate the importance of perspectives, especially 
^u^i'ng the study of curve-sketching and the applications of differen- 
tiation. 



Having_completed_the_study of planning, memory, objectives and. 

content, the program tarns to a discussion of study methods. In this 
section the pbjectiye is to prbp^ program of study 

activities which would reflect the foregoing development^ Three areas 
are considered: homework, uriassighed study, and self-evaluation. 



in discussing homework, several points are stressed in additiph to 
the bbyipus requirement that_hbmewbrk_must be done. In the following 
listing of these points the justification for the adoption of the 
technique is indicated in jDarenthesis . 

1 . Time sVlocation (efficient utilizatlbhbftim 



before beginning an assignment the maximum amount of time 
whichcan be allowed for completion, on the basis bf 
established priorities . _Aypid_spend1ng hours attempting 
to solve what should be a relatively easy exercise. 
Usually a fellow student or teacher can resolve the 
difficulty in a very short time. 



2. Stop thief .(analysis and general ization) -- avoid the '^two- 

handed handif'by first taking notes on the procedures 
^fTiplbyed In sblyihg the_given examples. Then put the 
examples aside and attempt to solve the exercises using 
^^^y the notes that have been taken, _ If necessary ^ 
return to the worked examples and make farther notations, 
bat never resort to the "bandit", 

3. Variety (classification, recognition arid staggered recall) 

wheri an assignment cbyersseveral distinct types of 
exercises, skip from one type to another without ddirig 
two exercises of the same type in succession. 

4. Spacing (staggered recall) — wheri ari assignment_is_gi ven for 

submission after several daysi complete part of the work 
each day. 

5. Programmed review (classification, recognition, staggered 

recall) — set aside in a special file several exercises 
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of each type and tarn to this file for the purpose of 
review: If exercises are chpsen_from the text when 
reyiewin§3_the_chapter and the otherexercises give away 
the classification and thus provide little practice in 
recogriitibri. 

Thoagh homework is fundamental tb_study, it is stressed that home- 
work is for_the_most part directed at the development of Expertise 
Thus, the stadent who does homework but little other study will pro- 
bably develop very little comprehension of the subject . 

_ In addition to hdmewdrk, a student must become involved in a 
substantial _amount_of unassigned study. For many students, uhassigned 
study reduces to staring at the printed page. In this program, 
unassigned study centers_pn_ the development of two notebooks, the 
Concepts^ Book^ and the Experience Book. These books represent at least 
a partial realization of the "M^^^^ Board*' and "Experience Board" 
intrpduc^d by D. R. Woods. The Concepts Book and Experience Book are 
constructed from infdrmatidh recorded in class notes, from texts, 
assighmehts, and original contributions from the student. 

The gwGepts Book_consists of a Table of Contents and two major 
Sections, the first enti tied -Theojx and the second Discussion , Clearly 
this reflects the analysis of concepts presented in the discUssidri of 
content. 

^ Tl^f ^^^^l^^ entitled Theory contains a presentation of the 
definitions, facts^ and sequential s in the order in which they were 
presented in the lec^ is emphasized that definitions, facts 

sequential usually bear a relatidnship to one another which is 

Knhtr.nH^^h"'^ order to introduce Interpretations, 

insights _an_d other content aimed at Expertise. It is suggested that 
the^theory be s tri pped of these.unnecessary encumbrances prior tdi 
morrreadifr inherent interrelatidriships can be grasped 

tinn ^'rw'^.c^^^^^^'^^ section, sequehtials_reguire additional atten^ 
ti on. By Its nature a sequential consists of a sequence df statements 
a." ?.'^''-^^h"°'^r- Ts desirable td structure inforLtion 

^^^^'^^^IJ^^^^^ than- sequences, it is necessary to identify structure 
TdJJHfv-nn''2"^"^^'^'-- students are informed'^that thi pfociss of 
Identifying structure wi thi n an dbject is analysis, and that this is 
the same process as that referred to in the study of prdblem sblving. 

It is advantageous td make a brief diversion at this Ddint 
According to Upton and Samson (2). there are three typisoranaiysis; 

1: Classification-- dealing with "what sort df?" (the analysis 
of coarse content is a classification analysis). 

2. StructureAnalysis — dealing with "what part of?" fthe dis- 
cission of the structure of the Concepts Book is a 
structure analysis). 
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3. Operation Analysis deali ng wi th "whatstage of?" (the dis- 
cussion of the problem-solving process is an operation 
analysis). 

The processof performing an analysis is not only informative, _bUt 
^Iso creative. Because of the_time, effort, and conceptual input. which 
the analyst must contribute, theact of analysis often is more valuable 
than the refulting analysis. While the act of analyzing an object can 
be extremelystiniulating to the analyst, a second-hand analysis (i.e. 
a completed analysis handed to another interested party) seldom produces 
much of ah impact. 

_ J^rthbUgh;it was not possible to include an. in-depth discussion of 
analysis in the 1 earni ng^ski 1 1 s program, several of the suggested study 
activities are analytical in nature,_^ any activity which 

facilitates the acquisition of .Comprehension or Expertise and provides 
practice in the fundamental skill of analysis must receive a high 
priori ty . 

Returning to the presentation_pf sequentials in.the Theory section 
gfthe Concepts book, students in the program are told that every 
sequential should be accompanied by an_analysis. Several examples of 
ahalyses_are presented, including the following analysis of the deri- 
vation of the Quadratic Formula: 



ax + bx + c = 
2 



ax 
2 



+ bx = -c 
i>x -c 




^ /- 4ac + 



-b 



b - 4ac 



2a 



subtract c 
divide by a 

add — „ 
4a 

factor 

take^^ * 
solve for x 



L.C.D. in- 



L.C.D. bh left 



COMPLETE 
THE SQUARE 



SOtVE FOR X 



^ SIMPLIFY 



J 



Don't forget the ^ 



When Qsing this format, the number of entries encompassed by any 
bracket should be limited to six whenever possible: This process of 
analysis seems to be quite foreign to most students, but by requiring 
thjt the students analy.se.every proof presented in the calculus program 
this situation is soon improved; 

The.second major section of the Concepts Book, eriti tledDis- 

cussion, consists of a cdllectibri of work sheets, one for each impor- 
tant fact or defi ni tign_ contained in the theory section. Oh sUch a 
sheet there should appear the statement of the_def ini tion or fact 
under consideration. Beneath. this.should be one of each of- the six 
types of interpretations. This implies that the student will have to 
formulate a number of these interpretations, because few instructors 
present^ this_many_ in a lecture. The interpretations should be followed 
by a collection of insights. These should include an example of the 
concept under consideration, an antiexample of the concept and a 
counterexample to any hypothesis concerning the concept which the stu- 
dent^feels might be reasonable but which in fact is false. For example, 
con-'ider the fact: 

Theorem If f (a) exists then f(x) is continuous at x = a. 

^e3sbriable_ 

Hypothesis If f(xj is continuous at x = a then f (a) exists. 



Counterexample |x| is continuous at x = 0 but not diff erentiable 
at X = 0. 

.^Again, the^student is required to contribute many of these in- 
|]n 11 ^^l"'^ -r"^-^^^' usually do not present all of this information, 
finally, the work sheet should provide room for further com.ients on 
the subject, including_references to the types of exercises which 
require the concept for their solution. 

The Table of Cpntents should closely resemble an outline of the 
iheory section of the-book. Phrasing in this outline should be con- 
cise^and suggestive of the content ofthe theory _sect1on. but should 

n^. rnnr.n^c^R^^ A s ec t i on of _ the Table of Contents 

of^a Concepts Book in Elementary Calculus should resemble the 
following: 



DERIVATIVES 



Def. The defihition of f'(x) 

Theorem^- the theorem relating differentiability and continuity. 



Proof 
Def 



The definitions of f^(x) and f|(x). 

Theorem on ore-sided derivatives and the derivative 
Proof . _ 

Theorem the rules for differentiation. 
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Sacfi-jn oDtline selves cis a listing of caes for the recall of the 
^^^P[*>! ^'^^'^ 3ss1stih9 the an overview of the 

theor*y. the first requirement of Comprehension. 

Tht? L>^Pt5ri en ce Bgg k_consi sts of . a_ Table of. Con tents and, two main 

sections entitled Examples and Perspective s : The first section, dealing 
wi th Exainpl es , should cdnsi St of a cdl 1 ^ exerci ses _wi th thei r 

solution;.. These examples should be chosen from the total 1 ty of exam- 
ples wo>"ked in class, In the text. In asslgrimishts , or independently by 
the. 5 tudent . There should be a representative of each type of problem 
presented in the course, chosen on the basis of completeness of content. 
These examples should Illustrate any Likely Error or Special Case. 

In order to best uti 11 ze the examples , the statement should be 
accciiipanied by an abstraction and the solution by an analysis; Ihe 
format here is similar to that used In analyzing a Sequential^ The 
s_tatement_and_ sol ution are presented on the left while the abstraction 
and analysis appearon the right. The analysis represents a General 
^V^'^cedure for the class cT prgblems.defined, by the abstract statement. 
The analysis should be footnoted regarding Likely Errors and Special 
Cases . 

The Table of Cohtents of the Experience Book consists of a listing 
o^_the_types_gf problems contained in the section entitled Examples: - 
The statements in this listing should be suggestive of the abstracted 
problem statements but_shquld_ not repeat them. This listing consti- 
tutes the Catalogue required by Expertise. A portion of this listing 
should resemble the following: 



1: f'(x) using the definition 

(a) poly's (b) (poly's)"^ (c) /poly's (dj (pdly's)"'^ 

2. f'{x) for a P.W.D.F. at a joint. 

3. f ' (x) using rules. 

4 . I l7ip 1 1 c1 1 d 1 f f eren t i a t ion . 

. ' . "'"^^ ^3in section of the_Experience.Bgok .should be . a 

recgrding of perspectives, a topic already discussed at some length 
in the section on Content. 

In. addition to homework and uhassignied study, the student must 
*^"9age in sdme form of_self-eyaluation.. In order to evalpate.progress 
toward Comprehension, the student must become Involved in dialogue_on_ 
the subject. On the basis df the discussion of Comprehension, this is 
the.ultimate measure of a student's understanding: On the other hand, 
to. evaluate the level of Expertise the student_should set an appro- 
P^iate_examination covering the requisite topics: in order to com- 
pose the exercises for such an examinatidn it is necessary to have a 
Commanding know! edge_gf_ the catalogue of exercises, and. of the sub- 
tleties inherent in each exercise type. Two students might exchange 




such examuiatibhs in order to maximize the amount of feedback in this 



activity. 

Thc 



, benefits of such a program of study activities are apparent in 

terms ot the foregoing discussion. First, this program provides stu- 
dents witn a large number of study activities from which to choose when 
setting short-term objectives. From the point of view of the section 
OT "'emory the prpppsed_activities clearly address or facilitate each 

tion WHtt^i'^nf'^ "^-^ Recall, Recita- 

ih?«nH w and_Cr|ativity. There are_activities which are 

ntended to_^evelop each of the requirements Of Comprehension and Exper- 
tise, and activities which address each type of content: 

CLOSING REMARKS 

Mnf.rl^f ^^''fj^y^^kil Is _ program begins with a presentation of the 
material described ,n this paper,__ This requires that about five class 
. nruin' taken trpm |he seventy-five hours provided for instruction n 
tdlculus during the first term. Five more class hours may well be d s- 

program but need not all be counted as 
fhLfp f ^-T because both topics are profiting during 

fSr bv ^h^h.-nh'- '^^''^ time is subsequently compensated 

tor by the higher levels of perception and the more efficient study 
habits of^the students, in fact,_the content of the Calcu?us program 

Sm ttpd-"f n 'R ^"'1"'^ ' ''^'^ °' '^'^'^^ P-°of^ previous y 

^Pvoinn™^. f °^ usually avoided; and a more complete 

tlntl^Tr V ^■"'^'9^'^ '"'^ perspectives. In this 

FxnlrilnL fh'"^"' assumedj better balance of Concep s and 

Experience than was prey ously possible. Though it would be Drimaturp 
to comment: gT,-any long-ter^ffect-of the- program the author ca^^ 
i n ed'd?f1^cuUv^•n'''•^-""'"'^^ °'"^ hav^'prevfousS exper- 

the mPthoH.^ i-^-H /^'^"'^ ^"'^ attempted to follow 

the methods described here have shown marked improvement. 

«f ^,^^t_shpuld be noted that learning skills may be introduced as Part 
NO matter"howS?mi-?"^ introductory cLrse in en^ineeHng°or"ci ce 
tor to assist hp <^nH" ^'°^' or content, any effort made by_ instruc- 
tors 10 assist the students in improving their learnina techriinijp^ will 

ifi'?"s-;«l» Hb.'ti' "SUSJtfS'-thit stLKlsfit^ are reluctant tS hsige 

r.5a^:s?.r?;.ir?-?yvspiS45t'i??;-„?=?-,rs?si?^ 
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approach to learhirig. 
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1. iNTRODUCTrON: EXAMPLE OF A SKILL SESSION 

A s|ill session is a kind of group teaching which differs signif- 
icantly from a^convehtiorial tutorial . both in method and content. The 
y^l^l^ n^^^ -Introduced by an example; then section 2 describes the 
m^thod^and section^3 the selectidri dfcontent. The outcome of the use 
of skill sessions^in_seyeral institutions is considered in section 4, 
and possible developments in 5. The remainder of the chapter, section 
6. IS a portfolio of putlinesof skill sessions which have been tried 

__If_one^could eavesdrop or> a skill sessibri. one might see some- 
thi ng as fol lows : 

Sixteen students_arri ye. and the tutor tells them that thev 
are_going to do some order-of-magriitude estimates, giving 
as an example wdrkihg but whether the solar energy falliriq 
on the roof of a house could provide all. br a half, or just 
a tiny^part of its energy requirements. He says how useful 
a physicist. finds it to be able to do this kind bf thing, 
and mentions an example frdm his recent research. 

The tutor then writes three problems dri the blackboard: 

'What 15 the rate of growth, in metres iDer second; of 
your hai r? ' 

'Hdw manywords did this morning's lecturer say? How 
^any words are there in ydur notes?' 
;How much fare money does a 'bus in this tdwri cdllect 
in a day? 

He divides the^sixteen students into fdUr grbups, and makes 
each group of four sit rdund its own table! telling them td 
agree on an answer to the first problem, and td go on to 
the others only if they finish. One student in each group 



^Adapted, with permissioni from the H:E.L:P. publicatidh "small group 
teaching^^in undergraduate science," published for the Nuffield Founda- 
tion by Heiheniarih Educational Books, London, iSBN 0 435 69581 9 De- 
tails of other H.E.t.P. publications can be dbtained from the pub- 
lisher: ^ 



is told, that iri. half an hour's time. he will be asked to tell 
the rest what his group agreed. All this takes about five 
Inihutes . 

^0'' ..the next half hgur.the. groups work alone in a buzz of 
conversation. The tutor stands apart, listening geherally__ 
^.ut leaving the groups mostly alone. One group falls silent, 
and he goes over and suggests an Idea to them; He hears 
3^°ther group arguing about the_exact_ yal ue of a quantity, 
and reminds them that a rough value will do. 

When the half_hour is up.,, he gets the. students to come and 
sit in front of the blackboard, even though brie group_is 
c^eep iri the midd1e_gf an argunient. One by one, the spokes- 
men are called ap to report (having been reminded abdUt this 
a little before the groups were stopped). 



Two^of the answers to the hair-growth prob]em_are abo 
.I.P'^li s^l; gne_is much larger, and one much smaller: ^ri 
going through the calculations, brie cbritairis a slip in wgrR- 
out a pqv^er of ten, a_nd_ariother an absurd es.timate whi ch 
is first defended, then abandoned by the group that made 
it. The tutor has some trouble_getting them to agree that 
answers differing by a. factor of two are really the same. 
One group has tried all three, two have_dgne_gne and most 
of the second, and one has barely finished the first problem: 

The hour is up before the third problem is discussed, and 
the tutor sums things.up, saying that next time they will 
try sbme similar problems with a. bit more ph^ysics in them. 
As a parting shot, he suggests that it would be interesting 
to work but hbw rriariy atbrris are added each second to a growing 
hdi r. 

The essential features of the method are: 
^ ^e.t bf prepared prdblenis . 

a group large enough to be divided for part of the time 
into abbut fbur sub-grbUps of about four. 
sub-grgups_working more or less alone for about half 
the total time: 

spoke.smen _to repgrt the . work of each sub-group, 
discussion with the whole class based on the repbrts. 

The content can, but need not, be_something like making order-bf- 
niagni tude es timates . _sketchi rig graphs f rbm an equation^ gr_ pi anning. 
the main gutlineof an experiment, which can be seen as skills needed 
by a working scientist. 

T.h.e problems set dg.have tg be ones that groups of students can 
get somewhere with in. half an hour on their own, and which thrbw up 
Useful material for discussiori. 



132 



i-38 



2: A METHOD OF WDRfCiNG 



of ^.^^^^'"ethod of working, skill sessions imply a belief in the valoe 
of students discussing problems amongst themselves. To ach eve thit 
attention has to be paid to the structpre of the sess bn to havinc' 
^uitablejnaterial; to having a workable organisation of arounssnrt^ri 
""''rcIn'b.'?V''^' advantage. These points"a;e°"e°pan'd-ed'on be ow° 
f^inn^ ^f"r''^^een as a virtue *)f the method that it leads to students 

idea and'fhP?"' K"?'^'^'''°"-^ '^^^^ ^^^^ develops their 

i^.n h= o ^^'-^^-^^^'y '° express-them. That the talk is wit6 neers 
thev do Jth'r'^ advantages: people often then talk more free y'^than 
they do with superiors, and are more receptive arid self^rritir^i- ?n 
addition the pace and level is kept within tints' bill" les 
th.. ^h' t^i^disCussidn_to have these virtues, it is Ksint al"both 
that the_grpups_work alone, and that the work set s simole enouoh to 
fhnwn ^H^r^^^''^^" seeming trivia] or bor rig E^per ince has 

shown that this cari only be done effectively within a careful fn^n, 

s^^S\%U^^^' - pS'cISs^ Ke 

the resi 'an'd°so't'hat ^^'"^ 
does mppH does not seem to ddmiriate. But it 

does need to convey expl ici tly what the session is about and wh» it 
Sjmportant. It may help to do one example quickly An instance of 
the^importance of the topic from the tutor's dwnlxperience is usually 

;,hH to^^%^-P°ic^"- to appoint spokesmen for each group at the start 
onn ? -""P^"'" their job: They should be asked to keep notes arid to 
report on progress, difficulties, agreements and dislgrei^nts as 
well as pn_results. It can be better to have some systemlor aoDOint 
ing spokesmen iri rotation . though some leave the^hoi« to groups 

The same problem can be given to all groups, different problems 
tp^each group, or groups Cari be asked to choosfone from a set ThI 
choice depends_on_the_topic: the first plan is best ^hin useful dif- 
ference? may arise between groups which can be exploited In the fi rill 
d scussion; whi e the pther two are better if the^alue of thi topic 
fc nd .n^ .'r^^r °^ ^r^-^Ples- A design problem might be of the f rst 
kind,_and the interpretatidri of graphs one of the second. 
sps<:iori ^^nR ^'^^ will need to be moved around during the 

5?s5ion. Sub-groups _work best rpund_a small table, or round the erid 
Chair and °"^-„It_is_usually necessary firmly to insist on moving 
work whilP li^l^V "^^"^''^ studerits_stay where they are and try to 
^ion S JhP k^H ' --^ example; For the fLll group discus- 

sion at the end. It IS again necessary to irisist on moving into a 

^•on'to^'vdid^h^'s"^v•'^%'^^^^^^ 

inn%^^f -^'S-- '^^'"'"9 °'" '° meritidri it mildly without see- 

ing that^it IS done^ is strOrig arid rieeds to be overcome; 
♦A ^° as IS reaspnable, leave the sub-groups aldrie. If the tu- 

bnMties'T^.'^h '^P' r^''"'" ''^^ ma|_dis'cover tRe real cap - 

bilities or problems of_a group. At this stage, the tutor's job is 
to ensurejhat groups know what they are supposed to be doing and to 

^h?rh f-dlStance. SO as to plan the timing, and pick up issues 

which ought to be brought out iri the full croup discussion" 
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^. The final discussidh is the part.most tutors find hardest, bat is 
the part where _much of the value of the session emerges. The value 
comes when students have to abandon previously agreed positions, modi- 
fy agreed views_,_accept other equally good alternative solutions, and 
see others getting into the same trouble as they did. 

The temptatidh is always_to_cut short this part, by letting sub- 

groupsgo on with a lively argument, or by letting everygrpup finish 
all that It is doing. A firm calling of a halt is needed, not less 
than twenty minutes before the end. 

Ideally, in the final discussion, students will challenge one 
another, ask questionsi and get nearer resolving difficulties amongst 
themselves, fn reality, the discussidh presents the tutor with many 
dilemrtias. 

One dilenima is that students make mistakes. Sdme_need_correcti hg 
at once^ but if the tUtdr cdrrects_or improves on points frequently 
and immediately, students will soon learn to keep quiet. Often, it is 
best to make a note of such things arid bring them up later. Quite of- 

the fniitake dpes. get spotted in due coarse; 

Another dilemma is that other grdUps dd not react_to the various 
reports, seemirig content to repprtand leave it at that, despite glar- 
ing differences. It may be important to go rdUrid irisistirig pri_pne_ 
question from each of the dther groups abput every report. Done at 
the first few meetings, this can gather its own momentum in time. 

The tutor has two rdles in the final discussion: chairman and 
expert cpmmentator. It is useful to bear thera both clearly in mind, 
saying when one proposes to make a cdmmerit before joining in with it. 

The tutdr as_expert_has_much to offer in the final discussion. 
Students can see him reacting on his feet td sUggestidris_, and from _ 
that learn standards of skillful performance. The dilemma for the to- 
tprispf striking a balance between displaying his skill and ericdUr- 
agjng students to cdntribute. Perhaps the best advice is to have pa- 
tience, sjyingup one's own points for a time, and then to give them 
as a clarification of what has been said. 

It is impdrtarit tbsum up at the end, saying. what has been a- 
chieyed and commenting on unresolved problems: Students easily Idse 
sight 0^ the aim of the exercise^ and can_be_cpnfused and disheartened 
i^ it tails off in a tangle of unclear arguments as time runs out. 

Despite the above insistence dh grdUrid rulesj_the_ format cari be 
used flexibly^ The cycle of: introduction-work in subgroups-discus- 
sion of reports, can be gone round twice in an hdUr by using shorter 
tasks, for example. Numbers areless flexible. A subgroup of less 
than four can easily run out. of ideas, or not offer eridUgh criticism, 
th^s reaching premature arid irival id conclusions. _ A subgroup larger 
than four can easily have a silent passenger: if there are more than 
four subgroups it takes too Idnq td hear arid discuss.all the reports. 
Thus twelye__tp_sixteen seems_tp_be. the optimum number 

Staff consistently overestimate- what can be achieved by a sub- 
^'"oup in the time ayailple_,_sb_prpblems must be simple and few in 
number. If they are not, they take time from the final discUssidri 
and the tutor is forced td take it dyer and_rush_thrpugh it, giving 
all_the_cpimients^himse1f , Indeed, experience suggests that one hour 
is shorter than the ideal time, sd that timetablirig which allows 
sessidris td ruri dri can be useful. 
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Finally; do not expect too much or try to iniett ton mSnA/ <Ha=c 
The expert has acquired his skills gradually over'SnVyears ^to th^ 
point where they may seem trivial to him. One hour "Jeht on fsav) 

r,hl » expect. A t;lood of expertise may wash away the seedlina 
where a drop of water might encourage it to grow seedhng, 



3. WHV SKILLS? 



miqht'be called^knis"'?hlt'"''i^^'-'^ '^''^'"'^ ^^""^ ^^^^^ ^"--"^t. 

huf h^-H^!^ proved easy for staff to think of ideas for such sessions 

sucVwo fc^'su' ??v'in'thp"f' ''^' r''''' for'them"" V nq' 

sucn work, usually m the form of specific problems is crnriai 

especially if colleagues Will have to put the sessions into i?Jict 
It IS no use justhaving a general idea for a session 

to preferenL and'?o^iT°''^T i^-"^^^^ ^° ^^oice according 

^^mmm^ n^si'' '^-^ - ^^^^ 

Sessions can with value be arranged in some developing sebuehre 
One might be a_series on problem solving, includig: se ectinTmafn 
ternati e's ' -^^V"? ,%\o^el and_ an_|quation . and thfnk Jglf - 

Of maanitude ^pfprF^-nn^-- '"^'^"^ ^° ""'^^ including orders 

""^g^Uu^e selecting instruments, and deciding what to measore: 
readi V ""?f,;^°r<=°"rse._be automatically assumed that skill is 
readily built_up in this way from parts, even though there is evidenr-P 
WhnP [^"^^-i^^ skills looked at here L cd^ponints 

nnl cni^ s^_ssions reveal a good deal about students' needs, they do 
nptsolve the problem of doing mOre than a little aboot them eL 
periments with sequences of skills are worth trying, perhaps 'culmin- 
r^nn^.'^'-"^°"' intended to synthesise them, but thefr soccess 
ex?s? aJl ^^^^w f°^?hi5_s^rt of reason, the sessions that 
exist are based on the instincts and intuitions of practioners. 
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4. WHAT HAPPENS WHEN YOU TRY SKItt SESSIONS? 



Ah irihbvati bh can be judged in part by its hardiness. Skill ses- 
sions began and survived in the physics department at the University 
Pf.Birmihgham, and have si^ wi thbut wi thering to 
other departments and subjects. That is, staff have been satisfied 
with them arid have not abahddhed them. 

The results of questionnaires in more than one department. show a 
clear majority of students finding them iriterestirig and valuable, and 
finding the level of difficulty of sessions in section 6 about right. 
They agreed that the sessions 'help one to think like a physicist', 
QQ^rah unanticipated spirirPf frthat they helped them to get to know 
other students early. in the course.. They did not accept that tutors 
9ave insuff icierit help, but did feel _ that final .discussions were top _ 
often left 'in the air'. They were not always convinced of their rele- 
^afice to the rest of the course, or pf_ their value for examinations. 
One department found that the last opinion shifted when a sequence of 
sessions was explained, and reflected in specific examination questions. 
Some students say they gain in self-confidence and ability to solve 
problems, more frpm skill sessions than from problem classes or tutori- 
als. Finally, thesessibns are clear 

Given adequate outlines, staff have proved willing to run the 
sessions. Later, many think up their own material .The way they run 
them varies considerably: some doing in two or three sessions what 
others do in one; and varying in emphasis, time, and conduct of aspects 
Qf.thesessipns, Persbnal style is important^ and success has been 
achieved with very diverse styles. In general , tutors comment fav- 
ourably bh the sessibns, nbtably bh the active parti cipatibn bf stu- 
dents. . 

Despite such favourable opinion, there is ridt-ridr could there ea- 
sily be-any firm evidence that students actual 1y acquire the skills 
in question. Indeed, realism suggests that in an hour one could 
hardly hope to do more than focus attention on a skill and the need 
for it. 



5. REFLECTIONS AND DEVELOPMENTS 

It is a matter for conjecture whether the format of skill sess- 
ions can be _ used. fpr.bther purposes such_ as problem cl asses, _ and. . 
whether their content could as well or. better be taught in another 
f ash ibh , perhaps using written m _The fonriat is certainly u- 

sable, and indeed has been used for many purposes before being applied 
to skill sessions. Ideas from chapter 6 suggest that it strikies a 
good balance between the various problems that constrain effective 
smal 1 group work. 

it_cah be argued thatthefbrmatis a_gppd_prie_fbr_the_cbntent. 

Learning new skills may involve a change of attitude and a. degree of 
self-criticism, fbr which wbrkihg with one's peers is likely tb be 
helpful . 

Perhaps a good part of the interest of skill sessions is in the 
way they focus on ah important problem of undergraduate courses. 
They may be seen as a small contribution to fresh thinking about it. 
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deJtfin tMs^aria'"'"'^' disposing of, difficulties of stu^ 

^ ..Those^who wish to try the sessions will need to consider how to 

introduce them. iri__a small department, a few can easilj bf^ried on 

the_whol| class, even as an optional extra. In a large department 

' deT?Jiaf ^^^V'H '-^'^'^'^ slot is necessary ' SI have 
niade a triaL replacement of some tu tori as or problem classes* othprc 

knif ''?H''''.HT.'''°^^'°^^-^°^fe and concentrated on llbd^aSS 
linl . --^ been used at levels from the sixth fom to the 

othoriubjecJs""'''^ engineering, zoology, genei?^ and 

tu- ^-^V^^ can be short and need not ihterfare with other courses 
ISp%h^''°"^ advantage is offset by. the consequence that ILSnt miy 
tn hp w.-cr."'^ ""l^elated to other things. However, it would seem 
abn.^t this later, thihkirirthen 

^n^V^t^^"^:^^ '^??^^ P^^^ the whole teaching pro- 
granriG. Indeed, the debate will acquire a needed vigour when skill 
sessions conipete with other things: viyuur ./nen skim 

6. SKILL SESSIdrj OUTLINES 

This section consists of outlines for skill sessions: 

1. ESTIMATING ORDERS OF MAGNITUDE 

2. SCALING 

3: TRANSLATION: WORDS AND GRAPHS 

4. TRANSLATION:. SYMBOLS AND GRAPHS 

5: dSIiNG ALGEBRA IN ARGUMENT 

6. THE ART OF NEGLiGENCE 

7. FiRSI- STEPS IN PLANNING AN INVESTIGATION 

8. DESIGNING AN EXPERIMENT. 
.9. S£L£CIiON_QF- INSTRUMENTS 

10: THINKING OF ALTERNATIVES 

11 . THINK. ABOUT iT_ FIRST 

12: WHAT is THE PRINCIPLE? 

13. WHEN IS IT TRUE? 

14. WHAI.ARE THE RELEVANT VARIABLES? 

15. SPOTTING THE FALLACY 

ThP hnJ^^n"'^^ °^ title^_is_in no way exhaustive, complete or balanced. 
The outlines are intended to serve two purposes: 

to prbyide a starting point; something to try at first 
or something to have on hand when time presses. 

to suggest other possibilities by example. 

r.^ .-^f^^^-^ytlines offered here have, however, been tried in a number 
of departtnenp by a variety p have been modified in thi 

Vin^l f particular, questidhs which at first 

Sight look tnviaKare in general found not to be. Indeed, the out- 
lines probably still contain too many problems which are tod difficult 
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Most.of theouti iries are written with first year students in mind, 

because most trial work was done with first year students. _Sbme can 
easily be adaptedtp other years by changing the problems, the session 
on order of magnitude estimates being an obvious example. 

^^^|le. wanting to ericburage tutbrs. to produce their own material , 
it is important to say that . producing successful material is not easy. 
Most ideas have to be modified after trial. 

____ Each_pf_the following outlines gives a brief introduction to the 
idea of. the session, and some advice about running it._ Then a number 
0"^ possible prbblems_are_sugges from which the tutor can select a 
few, or which may suggest to him some similar problems. In general, 
the first one or two are easy. 

5.1 ESTIMATING ORDERS OF MAGNITUDE 

Problems 1 to 5 are_5imple non-physical ones to introduce the i- 
dea. For a single session, one can be chosen, followed by another frbrii 
f^^'O^lems 6 to 12. There is wbrk for two.sessions, so if time 

penults more of the fi rst few questions can be asked in the first ses- 
sion, followed by others in the secbhd^ It is useful to start groups 
on different questions i but to tell them to go on to questions set to 
other qroQDS : 

PROBtEMS 

1. what is the rate of growth of- your hair, in metres 

P^*" second? How many atb^ per second? 

How many atoms per second per.hair? 
1. How many bricks are there in Birmirigherri? 
3. How much fare-money does a city bus collect in a 

day? - _ 
^- What thickness bf_ybur sleeve is worn off by one 

rub across the table? (Could radioactive tracers 

detect trie wear?) 
5. How. many words were uttered by this morning's 

lecturer? How many words are writtieh in your notes? 
^- Jf_I_9iye_a_man_lO_3bules: 

to heat his coffee, will it scald him? 

S"^ a punch bh the nbbej_wil 1 _i t_hurt_h1m? 

How much energy in joules is dissipated: 
by burning a match? 

by stopping a car at the traf f ic 1 ights? 
7: How does the cost of a Joule of electrical energy 

I'rpm a_^ry cell compare with the cost of a joule from 
the mains? 

8. Roughly what error is_made_by_ using the volume of a 
block of brass at room temperature, in working out the 
^^'^sity of liquid hitrbgeh from a measurement of the 
weight of the block inmiersed in.the nitrogen? 
9: An anarchist says he has jUst dissolved brie curiebf 
■[pdinerl31 in_the city reservoir . Do you laugh_it off 
or raise the al^arm? (The half-life of iodirie-131 is 
8 days, arid the maxim^^ose in the thyroid gland is 
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Q. 7 mi crocurie . ) 
10. What is_ the chance that you are hdw breathing in one 

breaJh^'" ^^'^^ 

hSnn.I' of the Earth when a child 

bounces a ball on the ground? 

12. What is the daily consumption of electrical energy 
in the United Kingdom? 



6.2 SCALING 



sir ffer^ the |ize_ they are? Some are determined by intrin- 

sic factors others by the size of man. Questions of size relate 
-calp^m«dP?' ^"ig"-^^°w.big_to make the apparatus-and d"he se of 

Quest on. 1 fnfr'"" some practicaLdlmensional analysis 

rnnnJtfn -^^ ^ intended tP_show that there may be prbbllms 

Pr2f^^ i -'^^ '^'Ir -^"^ ""^'S^* '^""^ as an introductory example 
Prpb]em 5 is probably best given to all groups at the same tim^ since 
different assumptions lead to different approaches 



PROBtEMS 



How 



1. How^tall is a flea, and how high can a flea jump? 

0 tall-is-a-horse? So-how high can a horse jump? 
... Which of two^teapots keeps the tea warm longer, if one 

1 □hJ^'Illo^l- '^^1^''" linear_ dimensions as the other? 

3. What effects would scaling up all the linear dimensions 
by a factor of two have on the performance of ■ an e- 
jectric heater; a bicycle generator; a telescope; a 
nuclear reactor; and ah apparatus to measure specific 
heat capacity electrically? 

4. Why are these items the size they ire: cameras; mercury- 
_ in-glass thermometers; and chemical balances' 

Th=!^" ''^^u" ^ ^"^^ "a^'l ^■'■th_a small hammer: 
The next nail has_twice_the linear dimensions of the 
first, SO he picks a hammer- of twice the size too 
ean he now drive in the nail more, less, or equally 
quickly? 

5. Of two cars with all linear dimensions including the 
engine in the rat io_ two to one, which- has the bitter 
power to weight ratio? (Or, could Lilliputians have 



6.3 TRANSLATION: WORDS AND GRAPflS 



R Problems 1 tb l as:ks_fbr graphs to be put into words. Problems 
5 to 8_ask_for_ graphs to be sketched from a description The orob- 
Th^^ 'r^ relatively easy, especially 1 to 4, and several can bi ?iveh, 
They can be extended by asking for farther plots, for example of 
power against time for problems 3 or 5, and by asking for Informatidn 
contained in slopes, intercepts and areas inTormation 
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PROBLEMS 



distance 



load 



current 



1. Describe this journey: 



Say what it would feel 
like to pull the wires 
whose load-extension 
graphs are as shown: 



How does the resistance 
cha"9"S with p.d. for 
these curves? What sort 
of thing might each be? 



If _ two people hear the 
frequency of the whis- 
tle of a train goirig 
past on a straight track 
change as shown, what 
can be said about how 
far they are from the 
track? 

Sketch graphs of: - _ 

5. Current, against time , 3f ter the normal working 
p.d. has been suddenly applied across a flash- 
light bulb. " 

6. The temperature of a room. against time from the 
time the heating is switched on, if the heating 
is_cc)ntrolled_by_ a_theriTiostat^ 

7: The net gravitational force against distance, 
fpr_a moon probe travelling directly from the 
earth to the Moon. _ 

8. Acceleratiori against tim^^ for a train going from 
one station to the next. 



time 



frequency 




extension 



p.d. 



time 



6.4 TRANStATiON: SYMBOLS AND GRAPHS 

This session is more difficult than the last. Equations are 
given from which graphs are to be sketched. It is advisable to se- 
lect expressions from recent lectures; even _sbi prepare to_tDe disap- 
pointedl The first question is a simple introductory example. 



PRDBtEMS 

1. Draw the graph of E against v if E=hv-W, where h_arjd_ _ 
W are positive constants. How does the graph change if 



H and w are made larger? 
2. Sketch graphs of amplitude against time for- 
a travelling wave S(t)= %cos{kx ± ...t) 
a standing wave A(t)= Agcos kx cos pt 

a rnodulated sintisiodal. oscillation A(t)= Ajl+b cos.ntjwiwot 
a. damped harmonic oscillation A t = Asexpf-vth n- t ^ 

r uJ' 2?-'<^ri^ H HaxweJl-Boltzm^n'r! dis°t i u o ' 
N{uJ = u2exp(-,\u2) If > is small and positive. Where 

sman'valuesl a''^*^' ^°-i"ates at large and at 

4. The equationlvU, ./1vL.„ = i//1+,.,2c2r2 ^' 

gives_the_ratio°Hf the amplitudes of o— □ r-— <> 

output and input voltages, when an v'^ e i V-^r 

alternating voltage, angular frequency T 

IS applied to the RC fi 1 ter_shown . " 

Sketch the variation of the ratio with 

How does the carve cut the axis 
at M=o? 

5. Sketch_ curves of amplitude against angular frequency q 
at vanoDs values df_a,o, k. and F. fo r forced dstilfa^ 

7(0)2-0,0^)^ + 4k2a,^_ 

jf "intensity I*, with i 

ference 6 for p<6<Tr for r=0.5 and r=0.9, in a 
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tions giv.n i,-Al.?=F/mPT^^-- o-i , 

^^f^:^ ;l^mi%i'r^'^ ''''' 
Fabry-Perot interferometer, fdc which- 

6.5 USING ALGEBRA IN ARGUMENT 



^^ .J^ ^^J^^^^ni^^ a quantitative model of a situation 

deciding pn_ assumptions, deciding on variables, and gettinq In eajl- 
tion between the variables,. The.problems here use onS rfeW simDle 
Ideas, so as_tp focus on the process of setting up rmodel It s 
possible to put numbers in at the end, but this is not the main aim 
However student_s_in_difficulties can be advised to try the problem' 
BpSnc^^r' '° ^tart^with, to find first how things fU togCSr^ 
Because answers depend on assumptions, it is probably best if all 
groups have the same task. ^ruuduiy oesi: it an 

PROBLEMS 

1: What. is the carrying capacity of a mdtbrway in pis- 
^cngers per unit time, in terms of the speed of ve- 
hicles, passengersper vehicle, and number of vehi- 
cles per unit distance? 

2. Suppose that a city_centre is a circle of radius r, 
with_n_people per unit area working in it._ They 
all commute in and out in rush hours lasting for 
time t,_with p people per unit time able to cross 
per metre of the perimeter. How are. these variables 

^ related? Why is there an upper limit to r ? 

3. A_s skyscrapers get taller, more df_the ground space 
IS used up with elevatorsand stairs, and with thick- 
er supporting columns. Make some assumptions and: 
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express free g round floor space as a function of 
height. __ _ 

express free floor space on any floor as a fUhctibri 
P^_1ts height above the ground, 
express total free floor space in a skyscraper as 
§_"^ynctiph of its height. 
4. The sky is dark at night, there were a uniform 
^istribUtioh of stars in space extending to infini- 
ty, show that this would not be so. 
^- ^^^^ can be deduced about nuclear bindin§_e^^ 

from simple facts about nuclei. (si zes» numbers of 
protons and neutrons) and knowledge of electrical 
i'orces _arid_pf simple wave mechanics? 

6. Stellar bodies might be formed by accretion. Sup- 
pose matteradheres.tg^ sphere, if the 
angular velocity stayed constant, why woul^d bits 
"^^y ^gain wheli^ certain 
size? Now argue that the angular velocity will not 
stay constant. 

7. If neutron. irradlation.prbducesnucl eons of a short- 
livedisotope, at a rate proportiohal to the heu- 
ti^on f lux arid to the_ number of hue] eons being i rrad- 
iated, how much of _ the isotope will there be after 

a long irradiation? 



6.6 THE ART OF NEGLIGENCE 

Scieritists_rieglect_all_sprts_of_ bf.problems they tackle. 

They approximate, oversimplify, and idealise situations. The dif- 
ficulty is to do, it eridUgh to make a problem tractable_without_making 
it trivial. The problems suggested ask for lists of approximations 
or simplifications, and for sortie statements of their cbrisequerices . 



PROBLEMS 



1. List as many approximations as possible that are made 

^i^sirig s=Ut + s^gt^ to f ind the_time_bf_fall _bf ah_ 
object under gravity. .Explain why they make the prob- 
^eni easier to sol ve. Suggest, at least brie case where 
the_answer would be badly wrong. 

2. List approximations made in calculating the amplitude 
PfJthe alternating current I _ drawn frpm a signal 
generator, voltage V , angular frequency w, by a par- 
allel -plate capacitor, using y/I = l/6)c^_a^^ C= E5A/d. 
What effect do they have on the answer? 

3. List approximatidris and simpl if icatidris made iri 
calculating the.temperature of the Earth from the 
temperature of the Sun, using the Stefan radiation 
l3W arid the inyerse_sguare law_._ 

4. List as many ways as possible in which one is i- 
^ealisiriq in making prdiriary calculations of the 
currents and p.d.'s in a network such as: 



142 



148 



6.7 FIRST STEPS IN PLANNING AN INVESTiSATION 

vestidafioS^nf'yo "^^^ "^^^^ one would do first, in starting an in- 
vestigatign pfsome phenomenon: noting the relevant theory decldihd 
on relevant factors; and suggesting where to make a stSrrixp'rS^^^ 
ally. For problems like those suggested, students can be ^^^pH tn ^ 
select ^ ^^^V^ll Jtart on_it%xt week so that' hey S'Jeld 1^ 
thifn^eH^^^ ''''^ '^'^''^ ^^^^ ^ apparatas'' 

laboraJoMes!"' "^'"''^^^ ^ '^'^'^ ^^^^ ^^^Ually used in teaching 
PROBLEMS 

1. The variation of nressure in a rubber balloon as it 
IS blown ^p. 

^ dry san^ °^ craters made by dropping hard spheres on 

3. lonisatidn in flames 

4. Condensation of liquid from a vapour on cold walls of 
a cnamber; 

5. Variation of conductivity of a semiconductor With 
temperature. 

6. The strength of glued joints. 

6.8 DESIGNING AN EXPERIMENT 

^nH problems below involve Choosing one of several approaches 

^nd^also^making the design quantitative. Students find the latter 
difficult, and may_not attempt it without prompting. Indeed, a full 
^iscyss^on of one of the problems needs mori than a hour, so that t 
may be best to limit them further. 

PROBLEMS 

1. design an experiment for a_teaching laboratory, to 
illustrate.Fraunhofer diffraction. It should allow 
patterns from one slit to be seen, and changes as 
further si its_are_ppened, so that a slit system 
large enough to have a moving shutter is_wanted 
Give a quantitative_specification for the components 
and their spacing and dimensions. 

2. Design an electric field deflection system for an 
oscilloscope tube. Assume that the acceleratiriq 



143 



voltage is about 2 kV. A 20 ntn Hoflectiori_bh_the screen 
is_to correspond to a 20 V signal across the deflection 
plates. Details are wanted of the length, width and 
spacing pf_the_plates,_and their position in the tabe. 

3. Propose a method to detect the deflection of ah elec- 
^^"^63111 under gra whether the de- 

flection will be detectable or not. 

4; Design an experiment to measure the_slbwing down of a 
rifle bullet by air resistance, considering what [Dre- 
cision might be needed to detect any change in speed. 



6.9 SELECTION OF INSTRUMENTS 

There are reasons, sometimes conflicting^ for preferring one in- 
strument, to_ another. Two aspects matter: the physics behind the 
choice and the balance of argumerits about the choice. The whole class 
can discuss an initial example, for instance listing features of a 
good ammeter such as range, sensitivity, resblution, accuracy^ low re- 
sistance, speed of_response^_ cost, size, robustness, and so on. 
Then sub-groups _can make similar lists for other instruments, _being 
^sked to identify all important characteristics, not to design or 
choose the instrument. The groups are likely. to go through a good 
number of instruments, so it is important to leave plenty of time for 
reporting back. 

PROBLEMS 

1- lance including a set of appropriate weignts for: 

weighing coins in a bank, 
dispensing dangerous drUgs. 
finding the density of oil used in the Miilikan 
experiment. 

determining the density of air. 

weighing_rocks on the Moon, without bringing them 

back to Earth. 

determinging the mass (about Ig) of balls used in a 
precision measurement of the acceleration of free 
fall by. timing the fall. . _ _ 
studying corrosion of metal plates left exposed to a 
corrbding_envirQnment for several years. 
?. A thermometer for:. 

bbtainihg nreteorplogical re in the U.k. 

identifying organic chemicals by measuring their 

"^^1 ting points. ^ 

determining molecular weights by measuring the 
change **n freezing point when a substance is ad- 
ded, '♦•o solvent, 

measuring- the temperature drop when a compressed 
gas is_ released intoa larger_yblume._ 
measuring the specific heat capacity of diamond, 
measuring the thernidl conductivity of silver 
wi re. 

measuring the temperature of the melt in a blast 



farnace so ds to be able to contF5l 'the temperature 
automatically. ^ 

R. in THINKING OF AtTERNATIVES 

var1ed^|yf"i^t' is about divergent thinking; about having many and 
varied ideas, not about analysing each. Such an exercise can dpm 
frivolous If pursued for too long.and it may be worth switc^inq to a 
closer comparison of some Of the alternatives after a t'me ^ 

PROBLEMS 

HOW mahy differentways can you think Of tO- 

1. measure the thickness of tissUe paper' 

2. measure the height Of a tower? 

3. estimate^ or measure, the weight Of a bus' 
mbV^ duration of the light from a flash 

5. estimate the energy arriving at the Earth from 
the Sun? 



6. estimate the power of an average car engine' 

Z; measure the acceleration of free fall' 

S. measure the speed of rotation Of dentist's drill' 

y. estimate, or measure, the rainfall in a week' 

0. measure the frequency of a.c. power lines' 



6.11 THINK ABOUT IT FIRST 

cf J^^^-!"l°[! looking at a problem as a whole before 

starting detailed work on particeilar aspects of it, sH^hot to 
waste time working on false assumptions^ It can start with a oues 
tion from an examples sheet, and proceed in two stages Rrst a 
number of part culargueries are raised and noted do^n! For examole 

1^^""''-*-?-^'?'"°"^^^''^ 9iven these queries to answer, while the 

ti:i'l^rM^hi':''' '° '''''' "^''^ how'tS ifJect 

-t" . ''^^"^ is-that in doing many problems, it is necessarv to 
^ °" '■^lfv-3"t conditions: .uch as whether f1o^ can be as- 

sumed to_be streamline, whether an effect is in a linear region 
whether an effect is negligible, and .o on region. 



6:12 WHAT IS THE PRINCIPLE? 



- _ It is Often hard for students to say what basic princiDles are 

n^:fafa^^'°s'^H''^°•^^^''^^'^^^^^ possibielta i or 

^ r - '-^^^^^^ s^s'"s clear but very possibly is not 

tails but for to analyse phenomena Ho^ lor ?he de- 

^?hl?'H? ; - which govern them; Much Of the 

b- Ire less Basic'!'''' '° distinguish principles which are more 
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PROBLEMS 



What physical principles are involved in: 

1: the action of a diffraction grating? 

2. the Geiger-Marsden expe arid Rutherford's 

inferences from. it? 
3- 'l^easu ring the PI ahck cons tarit using the phot^ 
electric. electric effect; using electron dif- 
fraction? 

4. explaining the binding energy of a nucleus? 
5: the working of a mass spectrometer? 

5. driyirig cars fast but safely round corners? 
7. going _to the Moon? 

•3- the efficiency of a nuclear power stat^ 
Q. the working of a powerful electromagnet? 
10. a very high vacuum system for an accelerator? 



6.3 WHEN IS IT TRUE* 

^ach :]roup is giyeri a law or laws to discuss, and is asked to 

produce three statements for each: 

what does the law say is generally trae? 

what circumstances can alter, arid the law still be 

true? 

what circumstances invalidate the law, or make it 
true only with qualifications? 

It is useful to start with ari example discussed with the whole class. 



PROBLEMS 

1: Ohm's law: 

2. Hppke 's i aw. 

3. Ihe laws of electromagnetic induction: 

4. The Lbreritz trarisfbrTTiatibris. 

5. The mass-energy relation . 

6. Newton's laws of motidh. 

7. The uncertainty principle. 

8: The inverse square law for gravitation. 

The inverse sguare lavy for electric charge., 

19. Ihe inverse sqaare law for a source of light. 
1 1 • 9as 1 aws . 

12. Conservation of enerny. 

13. Conservation of momentum. 

14. The Boltzmanri Factor. 



*See Shockley W. (1966) 'Articu1ated_sc ience teaching and.balanced 
emphasis', iri New Trerids iri Physics Taaching, Vol II, UNESCO 1972. 
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0.14 WHAT ARL m RLLLVANT VARIABLES? 



quantities (leteriiijne the effect riht fnrnoi-^^ i^' i.-^^ " 



PROBLEMS 

J. The speed of big waves out at sea. 



Ibe frequency of^ oscillation: of _water sloppinq (in 
_ the tilting mode) in a shallow tray. 
^- The speed at which a rotating flywheel is torn anart 
4. The time of contact_of_a_golf ball with mf club 
^. The power_that can be_obtained from a dynamo. 

It'one'e'nd"''' ^ ^ °" °' ' steel" strip clamped 

p' Thf H^^^'t>^-"'^i=^ a glass pjate bent in a carve snaps 
8. The brightness of a television screen. 

6.15 SPOTTING THE FALLACY 

reasoSsrincfSdIng: '^-^"^^'^n answers) go wrong for several 

defining a symbol one way and using it differently 

treating a variable as constant. 

treating a vector as a scalar: 

applying a principle When it does not apply 

making an assumption and then violating it ' 

treating coupled quantities as independent.' 

ignoring a relevant effect. 

having a physical quantity equal to unity, and losing it. 
Srk °^u?nrn'-" ^""f "^uced, perhaps with examples from recent 

a^d^bfaskld^^o m^m ^'llll 
thi^same material and look .t^l 1 th. ^d^^^'e^ ^^l^^^' 

Problems 

1. If the charge CV on the_dpme_of an electrostatic gen- 
erator is connected to ground through a resistance R 
^me^^'.H '° '^^^^Se will be gone in a 

2. Theforce on a^charged particle moying at right angles 
to a magnetic field is F=Bqv becaase: 

the force on a current element, F^BIf? 

current, >6q/6t 
force, F=B(sq/st)6e 
F=B5q(6P./^t) 
F=Bqv 
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The electric field at point P, 
dae to eqaal and oppub^l t:e charges 
+n arid -q is_+q747Tc^r2 - ^/^cqV^ 
Similarly, the potential is zero, 
so that E=~grad V=C. 
Resistance to the [lotion of a satellite in a circular 
orbit reduces the kinetic energy T=i^v2, and so the 
speed V. The angular momentum J=mvr is conserved, so 
as V decreases the radius gradually increases. 
Since the_ resblylng_pbwer_ of _a_ grating equal to 
Nn, the resolution of a spectroscope can be made as 
large as required by using a grating with the lines 
ruled more closely. _ 

The Emperor of Chiria refused to be measured, so 
10^ Chinese were asked to guess his height. Their 
estimates varied from 1,5 to 1.9m, the mean being 
1-71322 with a standard deyi atibn of about 0.1 m. 
The standard error of the mean is smaller by the 

square root of the number of obseryatib so this 

method gives the height of the emperor to. a precision 
Of 10 inicroris. (What happeris if he has his hair cUt?) 
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INTRODHeilON 



ences\"Schel"nrih?p r-*'^ the mathematical sci- 

ences teaches_problem solving. By its very nature enqineerina 

fes or tea h"?t°' '''^'^f^ -^'^^^'"9 problem solver "'pro-' 
tessors teach it,_practitioners do it, arid students learn it 
m whether we are professor, practit oner, oTstudeht '^e 

earh^•t ^"V^?^ °^ the-problem solving: how to 

teach It, how to do it, and how to learn it. 

instrDctional design that would help in solving thlsibrobl ems 

ductn^nn'tn^---^"^" ''^"^ ^ own'course.'^Intio- ' 

ductTon to Reaso mnc^^fla-Problem Solving : whirh was my iSot 
tB aaaress these difficulties in problem^sbl vinV^nstruction[^ 

MA JOR DIFF-^CUtf^ES IN PROBLEM-SOtVlNG INST-RUCTiefj 

^ There are two sources of difficulty in problem^sblvina 
tLrT'H^i variables, ^hich'^affect how we^ 

learSs which affect how the' student 

S.h' variable may be the 

aisco1.?„'n lecture, individualized learning! or 

discussion. Learner_variables may include attitude abilitv 
or perhaps general motivation. <"i.nT;uae, ability, 

^"iP-°^]e'"-^°''vjng instruction, there are learner and 
nstructional yariables^which limit our effectiveness in teach- 
ing problem solving. However, these variables can Be con- 
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trolled in order to improve teachiri effectiveness. First, the 
variables and how they are limiting effectiveness. 



MAJO R LEARNER AMD INSTHUCTIONAL VARIABL-ES 

There is one learner variable and three instructional 

variables to consider: 

1- Alarge percentage of college students do not have. 
the cognitive ability to learh^ how to solve logical, 
a^stract_problems. .ILearner Variable) 

2. We tend to teach problem solving in a way that de- 
scribes how we_splvethe_problemi rather than how the 
students should solve the problem. (Instructional 
Variable) 

3. We_> ir: to teach solutions to problems. by showing the 
step^ ; an elegant order rather than in the order 
used f jri the_ problem was originally solved, (in- 
structional Variable) 

^- We tend to teach the content of solutions to problems 
rather. than the underlying strategy. (Instructional 
Variable) 

The fact that a large percentage of students cannot learn 
tosolye abstract problems is based upon current research 
findings exploring Piaget ' s -theory of cognitive development. 
In Ji^s theory, Piaget specif ies_t in order to be an abstract 
thinker, one must be able to draw. 

...conclusions, not from a fact given in immediate pbserya- 
tion, nor from a judgment one holds to be true without any 
qualifications, but In a judgmeht which one simply assumes^ 
i^e. ^ which one admits without bel ieving it, just to see what 
it will lead to. (Piaget, 1952, p. 69) 



Essentially, Piaget was describing the kind of problem- 
solving ability an erigirieerihg student must ossess in order to 
reason from "A" to "B", even though !!A" ma> be entirely hypo- 
thetical (Stonewater, 1977, p. 3). The current research, 
however, points out that anywhere from 42^ to 78% of. the col- 
lege students studied cannot reason at th-*s level (Elkind, 
1962; Karplus S_Karplus, 1970; Lawson & Renner, 1974; McKinnon, 
1970, 1971 ): Based upon my own research, as rany as 85!^ of 

engineering fre^ ehbugh 
levels to solve engineering-type problems (Stonewater, 1977), 
Thus, without the ability to reasdri abstractly, students ^amot 
solve the kinds of problems we expect them to. Hence, we need 
to develop instructional procedures that facilitate this devel- 
opment of abstract reasoning. 

The second problem - that we tend to teach in a way we^, _ 
rather than the student, solve a particular problem - is diffi- 
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SesJrib^^'fhinki!-'^ sophisticated instructor to 

f partic.?aJ' ^ ^o^p^^^fe^?^^ -st_use to attach 

structors cannot specifrthrpmcSsP^ ?h»f that in- 

every dayjn oar f^ctur^sldSversatfS ^^^^^ Hu^ tf T 

i^etm; 'JJi^s^JtiJihari^^r^l^ --r^ 

vast aino-IiHF-of experience to draw pon and'w t 've"a slf'nrar' 
t.ce and hindsight to guide then, have i ern zld a proces 

studerlS iS'Vme'rmc^^^^^' when w._,Ho. 

priSen?^d^;n ^^''^^' ^'^^^^^s.^m^ b§ 
lem t e lirst y 1^ "S?^ «^^en_ sol ving the prob- 

? infn ^^'^SV'^^'"f- S -h reorganization of a solution to nut 

so!^t?°rtSSr?^S,r^?c^°^^^"^ ""e^Kanf- 

of pofSti^rou^^f-^j^r^j Jh^"uni^rg?;gi.KS^/jiidlr^ 

solving a particular class of problems: fnsurinTthat%, H^nfc 
solvrinlrnbr^^^'^"? '''^ strategics mafnot Inable ef f 
sk lis Jh^r^H ''"^r '^"^^ them with a set of 

Skills that they can call upon in attempting to solve various 
c asses_of problems. Our efforts should be o insSuct 

students in the underlying strategies involved in Jrob7em 

efforts: Many students cannot reason at the lev^fof abstrar 
tion required of them for successful mastery of enqineerinn 
subjects, we tend to teach problem solving as ie So it rather 
than how stuaents Should learn it. we tend to teach eleqant 
^l^mr^' - tend^;^^SLh 
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LEARNING PSYCHOLOGY AND INSTRUCTIONAL DESIGN 

. _^_My_attempt to control the four learnerand instructional 
variables to facilitate improved prdblem-sblvirig ability was to 
utilize learning psychology and the principles of instructional 
design: 

First, I drew upon Piaget's theory of learning psychology 
to determine how problerr-sblyihg instryctjon should be designed 
to improve students' abstract reasoning ability so that they 
coald develop abstract reasoning skills. Instruction was 
ciesigned around the following "rules" in orcier to affect this 
learner variable: 

1 . Des i_gn Instraction so that stu d e nts hav e t he ap_Dortuni ty 
P£g^',U^^ a nd— ^4^^- to their perceived environment . ~To^ — 
accbmpTish thi's, I had to find. a way ot presenting the material 
so students would organize their approach to solving a problem. 
Two methods were used to accomplish this. First, each problem- 
solving strategy to be learned was presented as_ah algorithm 
which outlined a_ step-by-step procedure to follow. when attempt- 
inq d solution to a problem. In short, the brgahizatibri_was_prb- 
vicled fbr them. The second methbd used was to include material 
that instructed. students_in how- to set up a problem before 
attempting a solutidh. Thiswill be discussed later when the 
"preparation" phase of the course is described, 

2 • Design instruction so that i ncreased social interaction 
^^esul ts : Piaget maintains that increased ihteraction_wi th_ 
others dyer a topic that _is_to be learned will facilitate the_ 
development of abstract reasoning. To accomplish this, a self^ 
paced system df instruction was used with a student- tutor ratio 
of approximately 10 to I. 

» _ _ _____ 

_.. ...3. Design, in gtruct i'on so that students . have t he oppo rtuni ty 

to act rather than be passive rece4ve^s- of i"hfdrmatib f>. Price 
^y^iri, this "rule;* lead tb the use of a self-paced system of 
instruction. In order for students to act^ they must sdlve the 
problem, rather thari the instructbr^ It_was feared that in a 
lecture situation the instructor rather than the student was 
most likely to be solving the problems. 

Thus, learning psychology - especially Piaget's theory - 
lead me td a self-paced, algorithmic approach to attacking the 
learner variable of lack of abstract reasoning skill. 

To address the three instructional variables, the instruc- 
tional design procedure df a task analysis was utilized. 
Simply^ a task analysis is a careful analysis and sequencing of 
the steps, procedures, thoughts and decisions drie must mbve 
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through in_using a particular strategy. Once an brigihal 
analysis is conducted, one must iterate through it again and 
again to insure itis complete. A complete task analysis is 
very 511111 ar to a computer program, in that every step used 
Miust be clearly and specifically delineated. 

a task arialysis_to develop a strategy for solviriq a 
particu]ar_c1ass of problems controls the instructional varia- 
bles^ previously mehtidhed._ First, the difficulty of teachind 
prob em solving as we do it rather than as how the student 
should do it^is-elimihated because a complete task analysis 
specifies all ofthe.steps involvedin solving the problem, 
jnclyding the cnes we have ihterrial ized and fail to point out 
to students. The prdblemof. the elegant solution is also 
elinnnated.because by definition the algorithm that results 
froHLthe task analysis is the procedure used in solving the 
pr-oblem, rather than the reworked "nice" solution. 

Lastly, forgetting, to point out the elements Or underlying 

strategy involved in the solution process is also avoided when 
a complete and careful tasRanalysis is conducted prior to 
instruction. Once again the task analysis, by definition, is a 
strategy to use when solving the problem it was derived from. 

Thus, utilizing task analysis procedures and derlvinq 
means to improve abstract reasoning skills should control the 
four learner and instructional variables. I will now describe 
my attempt to accomplish this. 

"HO W TP'S" - A -cauftS€-m problem solving 

^"Problem Solving" was designed to be a part of a curricu- 
lum development project in the eol lege of Engiheeririg at Michi- 
gan state University. Funded by the Alfred P. Sloan Founda- 
-;on, the intent of the grant was to provide instructicrial and 
support programs for minority students so that an increa<:ed 
number would complete an engineering degree. The problem- 
^plying_course was designed as a separate course so that stu- 
dents could concentrate bh building skills that should help 
them in otherengineering, math, and science work. Copies of 
the text, which includes all of the modules described later 
are available at cost by contacting the author: 

A word of caution at this point. Keep in mind.that the 
comments presented here are based upon a minori ty- student 
population which is primari ly enrol led in remedial mathematics, 
which scores in the lowest third on_ACT/SAT tests (MStJ norms), 
and v/hich at best has a very weak background in high school inath 
and science: 
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As was_pbirited put, the instructiona1_format used in the 

course was the self-paced mastery model. The course wasdiyid- 
?.d into eight modules each including objectives, instructional 
readings, intermittent practice frames_with feedbacki and 
homework. problems to be handed in. After successful cdmpletidri 
of the homework, students took module exams_vyhich required 80% 
mastery for passing. Retesting withoutpenalty was allowed 
until the mastery level was attained. Including a midterm and 
final exam, all tests.were computer-generated: This permitted 
individualization of the testing process arid collection of data 
tor Item-analysis purposes, to improve test content and instruc- 
tion. 

THe content_pf the course falls into two areas: (1) the 

"preparation phase" of problem solvirig (modules 1-3), and Iz) _ 
^^y'^.strategies for splving probrems (modules 4-8). 'The prep- 
aration phase taught students how to set up problems before 
attempting a solutidri. As was discussed, the strategies in the 
remaining nx)dules were each taught as an algorithmic process. 
Each of the modules are described below: 

Modulel-- Preparing for Pr oblem Sdlviim Students learn- 
ed td discriminate_between relevant and irrelevant information 
in a problem statement, to specify the given irifdrmatibri |rid_ 
solutidri desired, arid to visualize the problem. Although 
these skills seem very elementary and basic, it wes sUrprisirig 
how many students were ndt prof icierit with them. On the pre- 
testgiyenat the beginning of the coarse, one-half of the 
students could- not list all df the gi veri irifi? Triatipri in a 
P'^bblem arid only two out of 18 could specify the solution 
desi red . 

In addition to the fact that students needed iristructiori 
\^ ^^'^P^^'^^^^ given infor- 

matiori and solution statements eliminate irrelevant stimuli 
which often lead problem solvers astray. Specif ical ly_1 istirig 
9Tyeninfprmatipn and. solution statements helps the student 
organize the problem into a manageable form, fdcUses atterition, 
^•^^ Pr'^vides. a goal tpward w^ tp direct the solution. 
Failure to write. solution statements often results iri the wrdrig 
problem being solved. 

Module 2 - Drawing Diagrams^ The criteria for drawing and 
T3belirig diagrams_tp_assi_st students in visualizing a problem 
were outlined in this module. Further emphasis was placed ujDbri 
fP^^V'^ying the giveri irifprmatipn_ and solution statement and 
including only this information in the diagram. Hopefully, the 
process df working frdm the given arid solu to the 

creation of a diagram insures that irrelevant information is 
^"l''^^'^^ J^i^g^af^v Thus, w^ diagram is finishedi 

students have a picture clearly depicting the problem situation 
and the solution needed. 
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fo.rh-cr"^- f'^^^^ Tables The purpose of this module was to 
teach-CTms^^ easily, 
read table_frgm which the. desired calculations could be comput- 
ed. In more complex problems requiring multiple solutions, it 
wds necessary fo_- students to. think about what computations 
were necessary formal 1 the sdlutiohs. This encouraged students 

i^f^^h^^^-^ f ^^^^^^'"-^^^^^^^^y^'"^ t° solve it and to trans- 
late this analysis into a workable data table. 

No^le 4 - Subproblem Sfr^t.r^y jhe subproblem strategy 
utilized an algorithm that helped §tudents identify parts of a 
given problem which must. be solved before the major variable 
^ould.be found. jhe following is a simple example of th s 
type of problem: k u tm:, 

^hat_is.the total income for the day if 3 hats were sold in 
the morning, grossing $18, and twice as many . hats were sold 

^ in the afternoon for $1 less than the morriinq price? 

ri order to^solve this p^^^^^^ must add morning 

inconie^to af terngpn_income to obtain the answer. However, the 
value for afternoon_ income" is riot directly available from the 
problem statement Pne_must_f irst figure out the cost per hat 
i_n th|_mormng (X) and from this determine the cost per hat in 
the afternoon (Y). X and y_are each examples of subproblerris 
ihe m^jgr aim of this strategy was to provide students with a 
procedure for analyzirig problems in order to identify anknowris 
and sequence the_order in which they must be solved The 
procedure results in an organized plan for solving the problem. 

Module 5 - Subp roblem Strat egy. Par ^n The subproblem 
strategy was used in this module to solve problems like "How 
many rectangles are there in a 5 x 7 rectarigle?" ([i.e. - count 
all i x^j rectangles for all combinations of i and.j, i = i to 

J - '..to 7J, Although such problems are meariirigless in 
Lhemselves, they were used because they require the problem 
solver to develop an_organized method to solve the problem 
Which rectangles have been counted and how many of them there 
were must be kept track of, __Ihus, students who traditionally 
approachproblems in a disorganized maririer must develop a 
system to organize the solution before they can solve this tVDo 
Of problem. 

, In order to help students identify which rectangles should 

be counted in a given n x m rectangle, the double-summation 
formula summing over ri arid m was taught. Not only did this 
help them identify what the. rectangles were, but it also pro- 
vided the experience of Utilizing a_fiirly sophisticated mathe- 
matical formula in solving a problem: 

^^ter students_were_ab^e to solve the simpler problems 
more complex ones which introduced a condition on the type of 



155 



IB] 



ERIC 



rectangle to cdUht were used. For example, problems such as 
the_following were included: "In a 3 x 4 rectangle, how many 
rectangles are there such_that_the number of rows is three or 
more greater than the number of col^umns?" Here, the student, 
must first be able to translate the English expression "number 
of rows is three_gr more greater than the number of columns" 
into the mathematical relationship i » j_+_3^ .Unfortunately, 
a fair number of studentshad difficulty translating such 
expressions into mathematical relationships arid the modules did 
not specifically address this issue. Subsequent revisions of 
the course_will include a new unit- on translating English 
into mathematics and will most likely be iricUiHod in Module 1. 

Module 6 ' Contradiction $4r^^t^^ This strategy_was 
conceptually the most ditticult for students to understand: 
Thealgorithm told students to state an assumption that wis the 
logicarnegation of what was to be prpved and then ase this 
assumption _in_their solution in attempting to contradict some 
given information. In order to irisure_that students could 
write correctassumptions that were negations of what was to be 
proved, part of the module discussed the rules of logic for 
negating "arid" arid "or" statements. 

^ Mod4j- ]e 7 - Irif ^r€rice_$trategy _ in module 7, students 

learned how to infer additional information from the giviris 
Problems were like the follbwiri§:_ 

A.bysiness office has a manager, assistant, cashier, etc. 

Their names are given arid facts about_ each are specified, 

(e.9-l__The assistant manager. is the manager^s grandson.) 

The problem is to match pdsitioris with people. 
Inferences rieed to_be_ma_de^ assistant manager is 

male;- the manager is married and old enough to have a graridson," 
etc^ Many students recogriized_on their own that once the 
iriferences.were drawn, the problem often required the sUbprdb- 
lem or contradiction strategy td sdlve it. 

Module 8 - Working Backwards The wdrkirig backwards 
^^^a^^fly taught students hgw_to_ solve problems starting at the 
solutign and working backwards to the givens as oDodsed to_the 
traditional approach df start irigwith_the_ givens. For example, 
the following problem is much e^Jsier to solve working backwards: 

Describe a sequence of ertiptyirigs arid fillings of a 3-qt. jar 

arid a 7-qt^ jar to obtain 5 qt. of water. 
As opposed to starting with three and severi qUarts_of _water and 
describing hdw five quarts_are gbtained , thir- cilgorithm direct- 
ed students to begin with five quarts and wdrK backwards uritil 
three and seven quarts are left. 
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RESULTS 



To what extent did the course control tfie four in- 
structional arid learner variables? 

eoncernihr] the effects_of the course on increasinq ab- 
stract reasoning ability, the results are mixed. Students 
taking the course did iricrease their level of abstract reason- 
ing as measured by the Eguilibrium in the Balance test, but not 
^y,^^^,^^'''^^}^^^ Before taking.the course, only from 

6-19^ (depending_upon_the_ test used)_of the students weri 
abstract thinkers; after the course 31%_were classified as 
abstract. The change_in_leyel of reasoning ability Is signify 
icant_for p ^.05, indicating that for the group taking the 
course, there was a statistically significant increase in 
abstract reasoning ability: 

For the coritroLgroup - students not enrolled iri the 
problem-solving course - about the same percentage of students 
as in the experimerital group were abstract thinkers at the 
beginning of the term (9-18%). However, by the end of the 
term, there was no i\ricreasein_ the percentage range of abstract 
thinkers^__The figures remained at 9-18%. Obviously^ there was 
10 statistically significant change iri level of abstract rea- 
soning for the cbritrol group. 

- Even though the exjDerimental group did evidence a sigriif- 
i^ant.increase in level_of abstract reasbriing with respect to 
:be Equilibrium in the_Balance_^ this increase was not 
ngnificantly different from that of the coritrdl group Put in 
;impler_ terms, the experimerital group did improve with respect 
.0 Itself^ but not with respect to the change observed iri the 
:ontrol group. 



These two tests are outlined by Inhelder and Piaget (1958 
DP. 67-69; 164-181) and summarized by Stonewater (1977, p 60) 
:ssentially^ they are both clinical experiments which the'stu- 
lent performs. Inferences are drawn from the student's he- 
lavior that classify the student in Piaget's hierarchy of 
ibstract reasoning. 
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These results indicate that the coarse did have some 

effect on level of abstract reasbriing, butthatthe effect was 
not sufficiently greater than the effect of no treatment at 
all : 

Turning to the effects of the algorithmic approach in 
^^;^'^^S5ihg the three ihstrUctipnaj yariables^. it appears that 
the approach did facilitate learning. As measured by grades, 
students did learn the material. The average §rade_earhed each 
term was oyer 3.0. Most students finished all eight modules 
with at least 80z mastery. Students also did reasonably wel 1 
on the homework dhd evidenced an understanding of the appli- 
cation of the various st^^ategies. AdditidhalTy, although no 
specific fpllpw-Up was conducted ont^ who took the 

course, a number of them reported that the course did help in 
subsequent math and science courses^ _These students found that 
setting up the given information and solution statement prior 
to. solving a problem was most beneficial. It seems that_these 
s.^ills were helPfyl in discriminating relevant and irrelevant 
problem information. 

DIFFICUL TIES WITH THE COURSE 

In assessing the effectiveness of the problem-solving 
course, three difficulties should be mentibhed. _First, even 
though. the. course had some effect on facil itating abstract 
thinking^ additional instructional procedures heed tb be devel- 
oped. Secbhdj even, though the course emphasized organizational 
skills, students stin had difficulty in this area. Lastly, 
"^o^e emphasis shbuld be placed on discrimination learning as a 
means of clarifying concepts. 

Concerning, the development of abstract reasoning, McKinnon 
(1970) pointed- out that "inquiry/discovery" sessions facili- 
tated the deyelbpmeht of formal reasoning. He defined this 
approach to include practice at "questioning, hypothesizing, 
verifying, restructuring, iriterpreti ng^ synthesizing, and 
predicting..." (1976, p. 37). .Students met in small groups to 
discuss and research a particular topic and were asked to 
examinea particular aspect of a problem, to findout what was 
known, and to suggest ways to interpret data tb either arrive 
at a sblutibn or bet ter_ understand the problem. Thus, the. 
inquiry emphasis of McKinnon's course was not oriented tb facts 
about science, but rather oriented to the process of problem 
solving in science. 

Even in a self-paced course, one class session per week 
could be used as an instructor-led inquiry session. A problem 
cbuld be presented for the class and the instructor could 
utilize inquiry/discovery techniques tb assist students in 
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discovering solutions and prdcesses of solving different classes 

is t'hat with ^^f'^'^'t" ^^^t°-"^^^at may help some stude t " 
IS that_wUh th^s approach, not Only would they be discoverina 
to ^oi » "nM*^'^ would also be able to see how others attempt 

H^nt^ wn ?H H^'""- °^ ' <=°^^ect solution, StD- 

dents would have a model to follow; for incorrect procedures 
students could srewhy they do not work and possibly receive 
feedback on their own methods of attack. receive 

^^"Tt ^^t"^^ *° ^'"Crease abstract reasoning would be to 
nrrth?o°f • l%^°'-"°'-y-type_ "hands-on" experiences . Many of the 
problems inthe^course are the kind that can actually be worked 
hLH?.^^^r'"'^"*SP'°'^'^^^S -^^^ 5tude^ with the opportunity to 
Jlrtl proble"s'"^''' '''''' hypothe??cal or'' 

^ A third change would be to include more iritermittent prac- 
tice^ frames _wi th imniedi ate fee_dbac^ the content of each 

module. This would increase the amount of time students spend 
practicing^the skills that are descriptive of the formal stage 
(e.g. hypothesis building and testing , "if , then there^ 
fore" reasoning, etc;). As was. pointed out earlier, this would 
provide greater dppdrtunjty_ for the student to be active rather 
than passive, an important factor in developirib abstract 
reasoning skills. 

^"^^^ °^ <=°"'"se vhijh need£ improvement Is 
that additional technigues_ need to be found to assist student' 
^tuHPnf^°^^-^H^f^*'',°"9anizat^onal skills. A large number of 
students had difficulty writing_ down solutions to problems that 
were organized, t', at included enough infomation td enable 4 to 
interpret^ their t linking processes, and that included the reasons 
for the statement:, _made. This is not to say that they nicessarily 
could not solve problems, they simply could not write down 
so utions. Often students would verbally "walk me through" a 
solution, but had no idea how to write ddwri a solution. Thus 
when^ facing a problem they_could not solve, their attempts at a 
solution were notwritten down; hence neither I nor the student 
could analyze what they had done jn_order to find an alterna- 
cnmphnw''r°"'^ or ^n error. Instruction in problem sdlving must 
somehow teach students that an Organized attempt at a solution 
can often give ihfdrmation that will help in finding tf'e 
correct solution. 

Tied jn with the problem of organizing a prdblerii "solution was 

t^^dency to avoid writ inn down thenivens and sdlution 
statement,and to avoid fol lowing the narticular algorithm for a strat 
e§y. Even though I tried to stress the importance of these 
steps in setting up a structure within which they could solve 
tlie problem, students were reluctant td do so. One can speculate 
on thereasons for this reluctance: The algorithmic, structured 
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approach did hot match theircdgriU the algorithms 

did not really describe the way the problems_are solved, or 
students did not understand the algorithm. Although any of 
these_cbulci be reasbnsi it js.niy huhch that students avoided 
the structured approach because. it took too much time: It is 
fTiuch easier not to write the sbrutipn in a detailed fashibrii 
Whatever the reason, however, techniques need to be found to 
overcome students' reluctance to follow a strategy. 

I also noticed that some topics in the course were learned 
"better" than bther_topics,_ Although_there are usually a 
multitude of reasons for this, the instructional approach of 

^iscrimi nation learning seeme ' to increase, the quality _and_ 

efficiency of learning. Disc* imination learning is the process 
0"^ J^'Sing abl e to select the appropriate exam^ 
concept from a list of positive and negative examples of the 
concept, i.e., the student must discriminate correct from 
incorrect examples bf the concept. This process implies that 
the instructor must first devel^op precise definitions of the 
cbhcept_uhder_study_and theri_devise_positiye_and negate 
examples of the concept for the students to discriminate, i 
fpuH'^.this approach very useful in_teaching^bme_bf the basic 
concepts in this course, such as given information, solution 
statements , tables, arid diagrams. Students seemed to benefit 
from this instructional technique. Although not tried, it 
could also be used in helping studerits ideritify appropriate arid 
inappropriate oxamples of a problem solved by a particular 
strategy. 

INSTROCTlbNAl: APPbf CATIONS 

This leads me to the last area I wi_sh to discuss: ways 
others cari utilize modules from the orbblem-solvinei toxt. First, I 
tbink the best _way to teach prbblem sblyirig is_to_'address it 
within a particular course, not teach it as a separate course. 

Thus , my suggest ion below will be related to ways yPM can 

utilize theproblem-solving modules within courses you current- 
ly teach. It goes without sayirig that ydU would develop 
examples of the application of a particular strategy from your 
course and write such applicatidris into the existirig modules. 



Before instruction, the class should be diagnosed to- 
^etermine which_students requi re instruct ibh in _a_parti(cular 
strategy. Although f have a diagnostic tes ^ for my course, it 
i s _ b a s ed U pd ri ri d ri - m a t h em a t i c a 1 p r d b 1 em s _v _ F p r c d U r s e s r eq u i r i ri g 
more mathematical sophistication as a prerequisite, one or two 
[5rqblems could be developed which are based upon the level of 
mathematics required in your course. 
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<tr-^^'^ D^'^^ diagnpsed students' abilities to apply the 
strategy, you know who can aoply which strateaies ff a la^no 
segment of your class cannotlu^H ize he necef ary s ra eg es 

PLie course. ^ _lt^only a few students cannot apply the strateriv 
: t IS most nkely that_ they need to spend dut-of^cllss Hme^^' 
learning u, rather than waste the time of the en tired ass. 

alternativpr^ro is "ecessary, two instractional 

lL>n?ng"elVapprolch''^'^ --ni-self-paced fra.e or the 

desia!!L^\n1/''-'H'-^^"Pf approach, since the rrwdules are 
wnn H ^" ''^^.assd as independent, _se1f-paced materials, it 
Hph c ^^ feasible_to_5et_aside a number of days for the stu- 
dents to study the materials oh their own. No lectores would 

Students coufd I tS 
study the materials outside of class or a rrodified self-paced 
a tutnr^ be run us ng th,^_students who passed the d agnolJic 
as tutors. For example, suppose your class meets three davs a 

if^st^t^^'^kr "^''''' ^^ set aside'to teach ^0 f 
the strdtegies, __Students would come to class and study the 
modyles wcrk problems, and Consult with the tutors or the 
1 MS true tor When they needed hel P . ( S i nee i ndi v i dua 1 i zed 
cofiiputer^generated exains were available for my particular rntir^P 
students could test at any time during the week'whenSey were ' 
reo.dy.; Lxams ancl_tutoring can take place only during the hour 
the course IS scheduled to meet, or_can be expanded to additional 
ho.n. depending upon_ the availability of time, space and 
r-so-noi. Of course, an alternative to the indi vidual ized- 
rvaiM •,/,.em i. that an in-class exam coverino the material can 
fi.fr, .0 all students at the same time at the end of the week. 

. ^ .J^ '^l^'-'^e^f-P^ced session sounds like too much con- 
us nn and effort on your part,_variations of the traditional 
'cture coulc be_considered. Qne such variation called the 
li'^'il'^^.^'^'y ^^^.^^^"^ .^^mted tobe__(:f^^ by Alexander (1973) 

t;. .. nLiaily , the learning cell is a merhod to use withi-, a 
^■cturc, students are paired so that thty can study a p;'rticu- 
_ . .not'-:) tional package with, each o^her- For -xiole, if 
-"f- i-Mciion strategy is to be caught wi r.in a lectnre- 
e Todt-.e can be given to the_nudents with Mrections to 
■-•• ■■^t one partner to study -".id work Droolerrl'j with If vou 
, prefer to_ lecture instead of asking the students to spend 
3 r.d o "'rime'^o";^H- '-r.'"''' '^^^^'-^^Is can be handed out 
in^o.rf that ctudenu can rrepare. Once in class, the 

y^^l^^^-l^ouhi presentr 'ecture over the strategy and then 
bre.K up the class into l.^minr ,.lls for practice on applying 
the strategy to actua! problem s 1 jtions. 
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J^lsxander reports that whe_n_usin§_a learning-cen approach 
to instructioh, students learn more than when studying indi- 
viduany. They learn to analyze, synthesize and apply their 
^nowledge^and their feel ings of isolation/alienation and J:est 
anxiety. are decreased. He attributes these positive outcomes 
of_ the learning eel] to the act i practice involved, to the 
immediate feedback between peers in the cell, and to the re- 
sponsibility participants dey not only for their own learn- 
ing, but also for. the learning of a valued partner. Thus the 
learning cell cdUld be used within a traditional lecture struc- 
ture. 

The learning cell and the mi ni - sel f -paced course within a 

traditional lecture are two ways to Utilize the prdblem-sblvihg 
modules within traditional instruction. 



The four learner arid ihstructibrialdiff iculties discussed 
here are major sources of concern in problem-solving instrac- 
tion. Ways to improve abstract reasdriirig ability and ah algo- 
rithmic approach to the design of problem-solving instruction- 
were found hel^pful, but additional approaches need td be devel- 
oped to further, reduce the effects of the learner and instruc- 
tional variables. 
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A. Introduction 



B. Four Projects 



B:pLCom£ uter-Aided Circu-i^^iys i s 

circuit topology, device parameters, voltages and carrents 

i-hs „'^'^^,s>'Stfm works by forward reasdhinq. That is the fact-; nf 



system to gain insight into the operatidri of the rule system as it 
applies to the_problem^ This is helpful for correction (debagging) of 
the rule system when it arrives at erroneous conclusions. 

Furthermore, the Justifications for new deductions are employed 
by the system In the analysis of frul tl ess search, orbllhd alleys. 
This allows the system to avoid these situations In future reasoning; 

The applicatipn, of each rule in tne system implements a one-step 

deduction. Four examples of these deductions, resulting from appli- 
cation of rules In the_domain_bf resistive netvyork analysis, are: 

1. If the voltage on one terminal of a vgltage source Is given, 
then one can assign the voltage pn_the other tenninah 

Z, If the voltage on both terminals of a resistor is given and 

the resistance Is known, then the current through the resisttj- can be 
assigned. _ _ 

3._ If the current through a resistor, the voltage bnoneof Its 
t^rmlrials, em: 'he_ resistance of th^ resistor are given, then the 
voltage on 'ht other terminal can be assigned. 

, al V but one of the cur^^ into a node are given, then 
the r'emaining current can be assigned; 

___ Thus circuit-specific knowledge Is represented by assertions in 
the data basp and general knowledge about circuits is represented by 
laws or rules.___Spme laws. represent knowledge as equalities, such as 
the laws for resistors stating that the current going into one termi- 
nal of the resistor must come_b others or the laws for nodes 
stating that the currents -nust sum. to zero; Other laws handle 
knowledge in the form of IhegUalities, such_as the law_that a diode 
canhave a forward current if and only if it is ON, and can never have 
a backward current. 

When a circuit-specific assertion (e.g., the voltage on a 

collector has values 3.4 volts) is added to the data base, several 
rules representinggeneral circuit knowledge may match. it_and thus be 
activated ( in the example, all the other elements terminals cbrihected 
to the collector will beknbwn to have 3,4 volts). The names of the 
activated r.iles will be pat on a queue, together with infdrmatidh sUch 
as the place in the circuit that the rule 1s_applied^ Eventually 
this information will be taken from the queue and processed, perhaps 
making new deductions and starting the cycle over again. 

When each general rule is processed it can do two Useful thihgs: 
pkfi new assertionSi_or detect acontradiction. The new assertion, 
together with its antecedents^ 1 s entered into the data base. These 
antecedents , the asserting rule together with_all the other rul es 
asserted or used by the asserting rul e^ become useful when a contra- 
^"•^tion is to be handled. This cbritradictibh can arise when spme_ _ 
previously-made arbitrary choice (for example, assuming some linear 
operating region for some non-linear compdnerit) was incorrect. The 
system then scans backward along the chains of deductions from the 
scene_of the contradiction to find those choices that contributed td 
it. These choices are label ledNQGOOD andrecorded in the system so 
that the same combination Is not tried again. An example of a NOGOOU 
deduction could be one that says it cahridt be simUltahedusly true 



SMe?t^"?neries' ' '''''^'''^ two aFe 



The forward reasoning together with the intelli 



igent reduction 



tL^5^<?«^''^^?-'^^''^ 'P^'^^"^<=ted by the NOGOOD assertions gives 
^hl °J the behaviour Of the circait expert. 



THe_ justifications for deduced facts allow the Qser to examine thP 

SK^it^n r;he'S"^;;r-asl^is"r^ ''^^'^^^^ ^^^^^^t,. 

ar^Qi'nr, x^iVh^^^ 1 wei i as for overcoming any prdblt 

ansmg within the^se^ Qfjenerar rales. . For examb.'^a'device para- 



I ems 



meter ribt_mentioned in the derivation of the valueAr a voltade has 
no part in_determining that value. If some part Of thl circuit 

0 curren )"onlv 

re. ved'an '^J^ f-t,^ epending on the_changed'fact need ^e 



^rrS^t^t^ ^^^^^^ ^" --"^t ma. require 

Stanman etll '?'l ^75. °' ' ' ''''' 

— aManlL t_aWe-^nd Qualitative Reasoning 




What is the minimum height 
n for which the particle 
wil I still loop the loop? 



At what angle Swill the 
particle leave the circle? 
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These prdblems call for a mixture of qua] i tat iye_a rid quant i tat i 
reasoning,. The qualitatiye reasoning is responsible for deciding what 
kind of motion can take place, for ihstahce in the lobp-the-lobp prob- 
lem the parti cl e.might ; osci 1 1 ate about point a; fall off atsome point 
b; or loop the. loop. The quantitative reasoning is respbhsible for de- 
ciding precisely under what conditions _e^^ these possibil i ties 
will occur. In de Kleer's program these two kinds of reasoning are 
c]early separated, with the qua! itatiye reasoner_prpppsirig_ppssi- 
bilities which are later checked out by the quantitative reasoner. 
This-tigid separation eventually proves a liability since it hampers 
the flexible interaction of the two components. 

The contribution of de Kleer's work lies in the design of the 

qualitative reasoner, wh tch works by a process he calls "ehvisibri- 
"^erit". For each shape of curve the_ Program has a 1 ist of possible 
behaviours, e.g. a particle. travel ling uphill can reach the top and 
pass to Uje next curve, or it can slide back down again. Each of these 



possible behaviours puts it_in a nevysituation from which further 
possibilities arise. Thus t'-'^ program builds up a tree of possible 
behaviours, for ihstahce in c.ie 1 bop~the-lbop example: 




^ilidc clo->.Ti firGt curve 




r eac- } i i'Ar o l_c o r r. • r 




occi ll.'Lle aKout f i rst cor nor 



reach 




curve 



Vn\ I off third 



etc. 
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This tree is. theri_ passed to the quantitative reasoner which calculates 
what conditions have to hold for the particle to take the branches which 
lead to the desired state of looping the loop: 

^^• 3/ . i^P?Au2i_i rvy- -if^^ Semahtical ly-Rich Domains 

Two groups of researchers at Carnegie-Menon University are 
studying reasoning patterns in areas of applied mathematics. Hinsley 
Hayes, and Simon are studying the reasoning and solutions to alqebra 
word problems^__and_Bha5kar and Simon the solutions to problems in 
chemical engineering tfiermodynamics. 

These researche,. describe problem-solving domains such as the 
aDove_as sejfnanti^jl^ good characterization in 

that large yet.fairly well-defined amounts of prior semantic knowledge 
and task-related inforniatidh are necessary for solving such problems 
hor example. It takes.much more than an intelligent person arid a 
^pxtbook" of relevant informatibri to solve problems in thermodynamics: 
It IS not information as_ a vail able to the problem solver that is 
important, it is rather how the inforniatidh is organized and stored, 
that IS, informatidh as ^j^seful . 

^As an example of a system without complete semantic information 
available, consider. Bobrow's STUDENT.. This system, designed to solve 
algebra word probjems, attempts td solve these_probl ems by a "direct 
translatidh" process which_attempts to translate sentences df the 
probl^mdirectly int(. oqaations, and theri td solve these equations 

[he distance between Boston and New York is 250 miles" becomes "(the- 
distance-between-Boston-and-New-York) = 250 x miles". STUDENT also 
recognizes key words such as "Distance" and can respond by adding 
^□istance = Rate x Time" to the equation list. This direct transla- 
tion process and recognitidh df key words offers a good first 
approximatidri to human problem solving in these domains, but it is 
unable to deal effectively with the semantic information which is 
necessary to expose as nonsensical "The value of N nickels and D 
dimes IS 93 cents". 

The study of the semantics of a problem domain is very important 
for designing a computer program to solve problems, as well as for 
t^e human engineer_solying problems. Several studies have shdwri 
IMarples, J976; Marples and Simpson, 1975; arid the authors' own work 
with problem-sol vihg subject 1977) that it isn't what information 

IS aval lable_to the problem-solving subject, but rather how this 
information is used, that brings success in problem solving. For 
example, kriowi rig that_ a resdl ution~of- forces equation is relevarit iri 
determining accelerations df weights hanging over pulleys is only a 
small part of solvirig the problem. Much more important is the 
knowledgeof how friction in a pulley may affect the tension in the 
string over the pulley, arid how fixed contacts between the weights 
and string_end_the extensibil ity of the string may affect the 
acceleration of the particles arid strings. This is the semantic con- 
tent of the problem_doma in : it must be carefally specified fdr any 
computer program that would be df ariy iriterest, and it certainly 
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marks the expertise of the successful problem solver. 

Hinsley, Hayes, and Simon discuss the notidh of problem schemata. 

These are sets of facts, relations and heuristics present in the 
problein-understanding process that. allow the semantics of the problem 
domain to be properly processed. In the money _exampl e cited earlier, 
these faces ar.l heuristics would determine that nickels and dimes 
were nondivisib] ? ani ts of money worth five arid ten cents repsectively 
and that ho sum of tfiem could equal 93 cents. 

.^""/^sley, Hay^^ Simgn_ study ran five experiments to 

^^etermihe when and how human subjects employed problem-type schemata 
in proble/;) solving, that is, how the humans organized and structured 
seniaritic information in the process of understanding and solving 
algebra word problems: In particular, they demonstrated (ij how 
subjects recogriize_problem categories; (2) that this categorization 
often occurs very early in reading the problem; (3)_that subjects 
f^^^.^^ss a body of informatlon_about each problem type which is 
potentially useful for formulating problems of that type for 
solution; and (4) how this category information is actually used to 
formulate problems in the process of their solution. 

The Bhaskar and Simon and Hinsley, Hayes and Simon research 
has not, as yet, led. to their successful creation of a computer 
system to solve problems indifferent areas of appl led mathematics. 
It.isbest to understand this work as a "prbl egbmena " to future 
problem-solving systems. This, indeed, is the main reason for 
iricludirig their work in this survey - not because it itself provides 
a usefDl model for machine or humari problem solving, but because it 
provides a framework. for future work in mechanical problem solving 
as well as an important key to the expertise arid failings of human 
problem solvers. 

The next important step iri designing a mechanical problem- 
solving system IS to specify the contents of the problem-type schema. 
That is, to select a [iroblem ddrtlairi arid to attempt to fuHy specify 
^he semantic information necessary to_ sol ve an interesting eld ss of 
problems within this domain^ The ISSAC system has done this for_ 
equilibrium problems fB^4) and the MECHO project has done it in the 
domain of pulley problems (Cj: 

&.4. Solving Equilibrium Problen^s 

Novak at the University of Texas, Austin, has-developed a pro- 
gram called . ISSAe for solving physics problems. ISSAC_takes_seyeral 
fi^'Pl^ statics problems stated, in Engl ish, translates the. ^ngl ish 
into several internal representations and solves the problem. Novak 
claims that is is necessary to use coWonsense knowledge and 'hidden' 
1q_ws of physics to infer the relationships needod for solving the 
problem. 

To investigate the-Novak system, it is best to examirie a problem 
in detail: "The foot of a 1.^ ^der rests against a vertical wall and 
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on a bonzpntal floor. The- top of the ladder is supported from the 
wair by^a^hori2ohtdl rbpe..3D_ft_long, The...! adder_is be ft long and 
weujhs IU0.1b,_with Its centre of gravity 20 ft. from the foot, and 
rope Determine the tension in the 

_ ISSAC uses syntactic and semantic information to parse the 
tngl ish sentences into, a . representation more amenable to au^im.^tic 
problem solving. Novak definod several categories ^.n- > ^^^^y 
i^l]tlf ^>^P^ °^ ^Wect that cDDld be mentioned. A ladder is a ' 
^MyJILAL ENTITY, the top and the foot of a ladaer are LOt-niON PP'.Vr 
(rnoaniny that the use of the word 'top' allows one to desic-te a* .ar- 
°^ ladder), the weight and length of a leddrr are' 

^^Inr^Arll^r/-'^'''^^^-^ a. PART, and 'by the wall' -indicates 

a LOCATION for a physical entity. In the program the general 
cdteqone<; are defined as.SFRAMES. Each SFRAMc contains specific 
instruLtions about sa : is fac tori ly completing itself. For Instance 

top ^will trigger a LOCATION PART SFRAME, which will know that 'top' 
must be connected to a PHYSICAL ENTITY such as a '"iaddeF"" This 
information Is. very necessary to correctly associate all the 'tops' 
and feet of .ladders mentioned. in the above problem. It may seem 
PiiiOfulJy obvioDS that the 'top' in the second sentence and the 'top' 
in the third sentence refer to_ the same place and that the man is 
therefprelO ft. from the point at which the rope is connected, but 
this IS the type of inference that a program could easily fall to 
make, resul ting in a misunderstood probl em si tuatibn . When the 
parsing has been completed, all of these 'simple' inferences have 
been made, thanks tp_ the SFRAMES , and the orogram translates its 
abstract model the. ladder Into more concise geometric form and 
presents it on a graphics screen. The picture prodaced is similar to 
the one below: 




Producing a picture tests reference, ambigui ties such as the one 
mentioned above about the 'top'. Obviously, if the_spatia1 
relations cannot be worked out sensibly, somehing most have qone 
wrong m the parsing. 

The program is still not ready to generate equatibris. At this 
point the problem has only been understood i n.comnonsense terms of 
physical entities and their locations with respect to each other 
Now_the effects these physical entities have oh each_other_need to 
be accounted for in terms of forces. This requires more specific 
physical information, such as the knowledge that because of gravity 




dhy object with amass exerts a force downwards, and that any force 
exerted on an object causes a reaction of equal and opposite force 
to be exerted, assuming that the. objects remain stationary. Using 
this information, iSSAC assumes forces exist everywhere two objects 
are in contact with each dther^ _Again, these Maws' may seem 
painfully obvious but realizing how careful ly they need to be spelled 
out^for the computer can give ihsights_into_possib1e problems stadents 

h3ve. ISSAC_is_a1so given another _ type of problem-solving 
infor-Tiation, this time relating to idealizations of real-world objects 
as they are commonly used jn statics problems.. ISSAC must recognize 
that_ the ladder can be idealized as a LEVER while the wall and floor 
are frictionless plane SURFACES and the man is a WEIGHT. ISSAC has 
been told that ladders are idealized as LEVERS. 

^^^3use ofthe limited domain, there is no reason for a ladder 
to be anything else, although it cbUld easily be a WEIGHT in another 
type of problem. The man_presents more, of a problem, because even 
in this domain, men can be given more than one idealization, i e_ 
WMGHT or PIVQT. To resolve this ambiguity, ISSAC makes use of the 
cGfTiTionsense knowledge that a WEIGHT is usually supported arid a; PIVOT 
usually supports something. Iri this problem the ladder supports the 
":an, so the mdn_must_be a WEIGHT.. It is clear that choosing ah 
appropriate idealization is not always trivial, and that in compli- 
^^^^^ P^"ob^^^'f>-sdlvirig areas it could present a serious deductive 
problem. 

Since all of the problems ISSAC deals with are simple lever 

problem5,-once the forces have been identified generating equations 
i^. ...t'^i viaK _ The sum of moments about a point must simply be set to 
zero, [n mechanically writing equatioris for all moments, ISSAC 
generates several equations . that a human problem solver would leave 
out. Tor Instance, in the ladder problem ISSAC creates variables to 
represent certairi horizontal forces exerted by the ladder, only to 
set those. \/ariables equal to zero in the next step. A competent, 
problem solver shoul'i not rieed to go through such a step explicitly 
However, Novak_su§gests that this is exactly the kind of unconscious 
leap that might confusea poor student. Iri more complicated problem- 
solvlruj sujations, especially where motion is involved, taking note 
(jf exi:,tincj forces .5. only the first step. It is at_this point 
that senous problem sol virig begins. _ Novak recomnends that ISSAC, or 
a pro(;^rdiii wi.^h a similar approach,, be extended to deal with dyriamics 
problems. The authors have done thiL and discuss it in section C. 

In sufiffnary, fSSAC solves twenty eqUil ibrium prbblrrrc campetentlv. 
The program illustrates a. sufficient. semantic understanding of the 
problem situation to resol ve_ referential ambiguities as in the ^top' 
example, and to interpret all objects and their relationships to 
each other correctly, In achieving such a level of understaridirig, 
cor-tain necessary- inferences are brought to light that can easily be 

.in .a cl and that might fill the gaps in a 

s tudent ' s understanding : 
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C: jj]g- H£^-HD System 

..1 .^^^ Project_ consists of writing a computer program to 

soly? problems in applied mathematics. The scope of the project is 
broad: to take_ the_ Engl ish statement of a mechanics p"dbS givi 
^ -CQoiputeri^and receive in return answers to the questions asked 
in the _ problem. Three problem_domains within the general area of 
Si^t.'nr-' ^'^1 '° ^^'".been considered: (1) acceleration, velocity, 
tif ""^'a^*^^ trains_traveling between 

two stations (Bundy_,_Lugeri Stone, and Welham, 1975); [Z] the motion 
of_particles_ over complex paths, such as the "roller coaster" 
problems tackled by de Kleer rBundy, 1977); and (3) the domain of 

in fact'^L*':^! l^^'^Ki ' ^i-^Pl^ problem in the third domain, 

in tact one of the first problems considered by the MECHO grdUp, is: 

A man^of 12 stone and a weight of 10 stone are connected 
by a light rope passing over a pulley. Find the acceler- 
ation of the man. 

_The thrust^of the MECHO project research is pragmatic in that 
Its primary goal IS to design a computer program that r n solve a 
wide class of problems. A further, but very important, goal of the 
h,™"^H^ ^K.^^?"'?>'°^*^^ running computer ^program as a model of 

pared with thp^H^ti^^f^H*^''^*^-^^ com- 
?h,-e I data or human protocols. The MECHO groap has found 

this comparison fruitfuh both as a source of new ideas which may 
be incorporated into_the computer program itself, as well as to 

Hr.^Ml^ '"'?"-*^"* ''^'^^-''^"'^'^^ between the Raman and the mechanical 
problem-solving systems. 

One of the important insights gained from studying human 
probl em-sol ving_protocols (Marples, ig75j Luger, ]^^7) has been to 
design the MECHO system_as a forward or problem-driven a backward 
wiM?°hI'^nI''r ^^•■'°]^.'"9-System, The remainder oTThis section 
will be spent clan fying_this approach to problem solving and describ- 
ing Its implementation in the MECHO system. 

Ri th''Mcru^ computer-ajded circuit analysis described in section 
?l,.the MECHO system empioys prbblem^driven forward reasoning; This 
Thl WorT'lrhl^.^- ^ ^-•''^^ ^ '"^ assertion of problem-type schemata. 

structnriL Piaget, to refer to a 

reoresent thP -r'^i" confederation of relations which 

represent_the^capacity tc , ,drni some task or function In th^ 

rnnT^"° "'-"'^^y'--^^— ^"d Simon the Jrdblem ?ypo scheiSa 
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•^^r^ J"''' ^ ted in the prptbcbl s we took of _e 

"Wc'*^ trecit t'le n;.?*n and weight both as particles, point masses ;;;; 
I']) put these two dots on the paper aiid join them by this rope 
l^^'J'^t^d oyer.a pulley". The. entities declared in this situation are 
two particln a palley, and a rope over the pulley joining the two 
pdi cl t?s . 

The set of facts and inferences relating these entities are 
similar to ':ue following: 

{41 single is assigned to the string between the palley point 

and '.:h.i left end 

(b) an angle ;^ assigned to the string between the pulley point 
af^d the right ehJ 

(c) fixed collect of particle 1 to the left end of the string 

(d) fixed contact of particle 2 to the riight end of the string 

(e) the tension in the. left section of the string is the same 
as the tension in the right end if the pulley is smooth 
(frictionless) 

(f) _ the_ acceleration of the system is constant if the particles 
are in fixed contact with the string. 

(aj, (bj, (c), and (d) above are examples of facts, and (e) and (f) 
^T^. ^T'^^^^^^cer. that represent part of the semantic content of the 
pu 1 1 ey-sys ten) di^^^iin. 

.nnally, the. pulley-system schema . conta i ns a set of default 
valDGs. These values are facts and inferences siich as: 

(a) if the pulley is underspeci f i cd assume --'t to be smooth 

(b) a rope is assumed to have constant length unless specified 
as elastic 

(c) a rope has fixed contact with objects at its end points 
unless tht* problem states otherwise 

(d) the pulley itself is fixed unless specified as movable. 

The MECHO system's data base is ordered so that a problem-type 
schema, when_ it_ is invoked, is able to create new entities and 
assert new facts and inferences at the "top" of the data base. It 
can also assert the default values at_the_"bottom" Thus when a 
call is made to the data. base the facts and. inferences about entities 
are checked first. Final ly, after every other check is made, _the 
default values are assumed. In the pulley problem above, when a 
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'esolution-of-forces formula ,s attempting to assign a tension to the 
5tnng, it^wil need to know whether the pulley is smooth: (If it is 
a uniform tension will.be assigned to the entire String ] When no 
pfprmation about the friction of the pulley can be found, as ?n 
d ' er?^"f I' i''^''i' '"i"'' P°lley without friction will be 
H«ff if i^""'!'""^^'' "^^'^ '^"91^ °f string is sought, the 

H«^n^^H''^"?l°^^''^^^'^''^"9 ^^'^^ ^'^^ ^^^'aht hanging vertically 
downwards will be asserted; » 3 <-aiiy 

ininnriflnn'nf*'^^- -^^^ P'"°blem-type schema, representing the semantic 
nio i-,ation of the^proolo situation, is asserted. This represents 
MO forward or problem^drfven aspect of the MtCHO problim solver 

.^'ua^o^ Stra^M^r' " ^^^"^"^^^ "«-Ples" algori thm^for 

The Marples algorithm was suggested by D. Marples from his work 
^''-'r^'^ Cambridge (Marples, 1976}. It a pro- 

wh^ich starts from the desired unknown of the problem and works 
buc ward". attPinptins to_ instantiate eqaarions until a sit of 
ThrMfcTHf sLf^^h^^""' ^.^'"f'CVent to solve_tHe problem is detennined. 
aihhM^r ^ystem has a focusing technique that "forces" the Marples 
algorithi^ to_consid r enuations appropriate to the problem type 
gather than to th'-.r:^about^ of al 1 possibl e equations 

I^an ?h''?3 technique in the pulley system domain forces the Marples 
a^thP S„ .° ^rst ^^^e_ general resolution-of-forces equa? ons 

at the contact points of the string and weights. 

Farthermoro the_Marples algorithm is able to create "inter^ 
mediate unknowns" in theprocass of Solving the desired unknowns of 
the problems: in the pulley problem, for example, the desired un^ 
known IS th^acceleration of the man. But it is impossible to 
^l^'^^'^^^^^ '^^f^ls acceleration (using the resolution of forces) 
=n ->^9iyens of the problem. Thus the Marples algorithm creates 
of the'Itr no'' H?n°tH' ^^^^^^"^^""-.in-the s?ring a? each end' oint 
?L^K - ■ . '"^^'"^""5^" '^he problem-type schema, 

ie) above, assign the same tension to each end of the string, the 
Marples algorithm produces the following equaM^ons: 

T - lOg = 10a & -. [r- 12g) = 12a 

probtem"""^''^"''""^ equations are sufficient for solving the pulley 

^.^h ';hat may be applied to a problem situation arf 

nlrM'rM?^-^--'-.^'P''S'^^ "^^^ ^^CHO syStem, in asserting a 

Particular equation, for example the_reso1ution-of-forces equations 
above specifies exactly the situations in which the equation is to 
nnlFh? -K specification of each variable" thi 

possible bounda.-y values. and all semantic infonnation necessary for 
the equation to be asserted: neceiiary ror 
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_jhe general resol ut1dn-of-fprces equation, for example, . sums 
all forces .jcting at a point; This would be tfivially satisfied in 
the pr<^^l^-'i\^bove but would have to include_tbe frictipn pn a plane, 
the cUkjle of .tlto plane and other forces that coald. be acting in 
different pulley problems -- such as a pulley at the top c'' an 
inclined plane. Harpies has stated (Marples, 1977) that the lack of 
this exact specification in using equatidhs and rtiisUhderstaridirig 
the situation_of theii* application is a major cause of mistakes for 
engineering students: it is not that the relevant equations are 
^o^'yp'^teri or ignored in Prpblem_5olying, i t_ i_s rather, that the con- 
ditions of their use are misunderstood. The MECHO system specifies 
each equation exactly, and the conditions under wh^ch it may be used. 



Finally, the MECHO system includes automated procedures for 
solving sets of simultaneous equations. These are d/ci'Sed ir 
Bandy^ 197F. As noted above, a more complete desc>n*, ti<;M of the MECHO 
system nidy be ■''ouhd _ in_ Bundy , . 1 97.7 Luger , 1977 ; and tJundy, Luger, 
Stone, and Wei'.jin, 1976; Stone, 1976. 

I). Sunriary and Conci usio ns 



"his r has attempted to summarize several Artificial intel- 
ligence : h projects in the areas of applied mathematics. These 
L>^pjects , ritended to demonstrate the design and use of computer 
systems buih ab interactive engineering aids and as models for solving 
p rb b 1 ems i n ce r t a i n we 1 1 - d e f i n e d _ d pma i n s p f _ a pp 1 i ed _ ma t h ema tics. 
These systems may serve as models of how engineering problems may 
be understood and represented in the process of their solution -- 
both by man and machine. 

__Mariy_of the same problems that arise for humans solving problems 
in applied mathematics are exactly t^nse Ckicountered by researchers 
attempting to design a cpmputer__systeT_tp so1ye prpblems: 
specifically, to design. a system not M;«»itt:i to small sets of prob- 
lems, but at the same t^'nie able to "joa . v.-ch the idibsyhcracies of 
individual problem^: 

Todeal with this conflict, each system creator has had to . 

design an inferencing system. These include, for the computer-aided 
circuit arialy? the_fbrw/^*-d_ »'v^son ing f rpm _ the pr situation 
and the taggi- of each new. fa' " v- th the conditions and rules used 
"i" i.^s assert i. The de Kleer s. j tem_attempts to cp 
by the quantitative vs. qualitative reasoning.distinction and the 
use of envisidnment. The Hirisley, Hayes arid Sito and Bas!<ar and_ 
Simon studies, while not explicitly constructing a problem-solving 
sys^3m, have outlined conditions that ccJld apply to the creation 
of a successful prpbler. solver. The Novak program solves twenty 
equilibrium problems from their English-language statement^ It has 
sufficient semantic jridc standing c,. resolve all referential and 
rel ational ambigui ties : 
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Hu' MIIHO system crv^U}^ torw.nd nr problem-driven and a 
backward or- (jodl-driven. inference system; Th- problem-driven aspect 
IS repre^.c.vnted by full spec i f 1 ca M iDh of the pr-obreiii- type shcema This 
uuim; ;s t:M(^ assertion of facts and inforences, both, relating to the 
t'n.uie', wi'fiu, the problem domain and sefs uf default values The 
Uoa -driv.>n aspect i s represen tt d by the Murples algorithm, which works 
ba<.kwar-u from the :^es i red unknowr tn Mip c|iverl facts of the problem 
iiis^utlt'n jiccessitate^i lho creation < ' ntermediate.jjnknowns to link 
Me desired unknown, wi th . the problem f.ir.(>.: ^ ie Mf.CHO system also 
aMcpts to represent the semantics ci eac/i possible equation that 
iiiay oe .asserted. ini s intended to guarantee that the equation is 
only dssei-ted wi ine man- .^r and at the ti.iie appropriate. 

^ ^^^^ overall, aim of this paper has been to provide a summary of 

^Xri'^T^'^'il^^'^^^ : , artificial intelligence research in the arias of 
appiied mathem This summary is meant not merely to make 

efLi Mu-ers dwa' ::onie interactive aids, avai lab1e (the computer-aided 

^I'Miit analys) ju c more importantly t; give some idea of the 
M'PreMMitation o f rn^onna t i on and control of inferencing necessary 
for the suLCessful .problem solver in th-se domains. The reaoer i-s 
r^;coimiended tc; consult the references fot more complete descriptions 
or each system suf'veyed. 
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13 

PRdBLEM SObVING IN PHYSIGS OR 
ENGJNEERJNG: HUMAN INFORMATION 
PROGESSING AND SOME TEACHING 



ill) 



-Fred Re if 
Physics Department 
University of Cal ifornia 

f"''h' '^>i' ^""l.i"L,-insic ir.tellortual reaSdns why 
n.."s o, central interest to er.qi„ne, , and the. phys i ca 1 . 



t..., re.iSons__,,,-e__rai,b .Lv^^.s: (1) Problem sol. 



, , M., Mil iri;.,,rf in' i„ n,„c t- .j. , u.,:, . croDiem SOIvina 

, ■ ' ''' .'i.. . in ni)st engineer, ng_„,v:. scientific tasks. (2) 

i'.' ^AU-, -u '^^^^^ 1^ = ^'"™ HOW to 

■ ■ : \ Of effect^-»e problem-solving Skills 

■M.l orten troablesoffle, part of education in engineering 

■ intellectual reasons. why problem 



an •■ .srnf 



"'-:'nts siunific.nt challenges worthy 0 ody ) ^Lern 

'■■"^'l',;;;'^':'^?^^"?/^^!^^ ""'P^ter science and "ar i- 
we,l i i . , : . , n^on ''"Tk" ^ maUnnes to perform tasks that 
r'---' , ' : , nn" ^ ^tV^ understanding of problem-solving 

> 5tunul,)-..,: sub^ progress ir the 

. . i "jr, niuio., processing: ln, ,..ed. the recently emergum 

• . -->ence". wlrcH spans both computer science and coo^ 

" -■;-.si_zes_ the similarities of inform tio processing 

^- : : ■ .r -re ' r ' r'^'^ "1^"^^) deserve ' 

^e s'k'v ot 'Vk by computers. Further- 

^--..:i.^Mn ; ; Hi';, J'^^ •>--n and machines, c.n be mutually 

■ I J ■■-lly, new theoretical ihS.ghts 

- i K M '"roMe ,' 0^,:- -f,'' ^PPHcnions useful 

Pr''M.n-scWving sVills ' imoroving the teaching of 

IM the tollowir pages i shall UiscuSs work done by me at Serkel=v 

s - '''^r '''' ^"''"^^ study systSa aiiy 

„■ , . ;: ''.'1.""-" proble.-i solving relevant to physics or engineering 

' ' "^tain a better basic understanding Of probl^m^ 

; '^■';;V,on'yn''"',"''^'''^™''^^^ ^° ^^^-^'^^ resulting ins ghts to design 
..--t.pn for enhancing students' prob lem^sol vi ng skills; The prObl^s 

;:ouU ee :;:;:r"e, ; V^:^^!^-^been sufficiently simple jo^^af.!.!^' 

pr.irMr,, si„„ , r^^y yet Su f ^ . .i en t ly complex to be Of 

the n-, o nbi: ■ ^ "'"^'ly' "'^ focused our attention 

or enf; i neer i no lour'ses; 



^^ncour Lorod in basic Linderqrciduri ;c ^nysics 
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HOW ML slU[)T Pia»[>LLM SU-LVlN'i 



; ■ 'V'-^'. ^^A'^. .P»"pbleni_ sol VI ng 

is jLhit'vt>Ll, we hdve striven to. obtain insights about anderlying mechan- 
f i'on<.)h]t' \ov prnbleiii-solving perf dnhahce . Thus we have tried to 
soiiie explicit theoretical models which, even if hypothetical or 
primitive, o ffor . the . poten ti a 1 of anifying and predicting various observ- 

./^^ ^^"^^'^^ v J.t . l^ J.'''Pt^''tdnt to choose the level of description of 
sulH iDoduls judiciously in accordance . wi th _one ' s aims: Thus a study of 
pr*Qhl.-;i solving need no niore concern itself with microscopic neural_or 

:.' J i^^^V^ . processes than computer, science need dea 1 wi th. the intrica- 
cies ^.r.insi stor's , or than circuit theory heed deal with the qUahtum 
"'^'^J^ 'V'i [ 1 ^' ^ ^ ^.'^^^ c c 0 nd u c 1 1 on i n ma te r i a 1 s . But u se f u 1 . mod e 1 s _ o f _ 
pt'oblem solvini) cun d^jpropr i ately describe observations at the level of 
^[^^ ^l'"^^^ l-V J ' .^^.^-"^ on p • -oce s s i ng u s ed by pe rs ons s o 1 v i ng p rob 1 ems , 
(rQ'\example , they may speci fy how . i nf orma t i on can be organized usefully 
drul described symbolically to facilitate optinium retrieval in complex 
iontt'xt.s ; whdt. strategies can . .be used to. effect . such retrieval saccess- 
fiilly; .Slid siiiiilar issues: ,) The systematic analysis of information pro- 
cess iruj h,]S , course, been successfully pursued in arti'fical intelli-. 
gcnce (Wi ns tun , 1 977) _ and in studyi ng human probleiti solving in relatively 
^i''''^)^.<^^^''i'^iJ/i'^ i^^^woll and Si.n^ to extend models of 

human infor-nidtion f)rocDSsin(;; tc.more complex problems, at least at sdnie 
level which is not uriduly detailed, seem thus potentially promising 
{Lhc.skar and Simon., 1977). . 

iii trying to observe prdbl;\i-sdlvirig perfcrmarice, we usually avoiil 
f^.-^i jc^cting extensive s ta ti st i ca l . da ta on many persons, sincethe infcr- 
mation thtis . obta i ned is ordiriarily too gross to provide specific insights 
^sboul underlying inecharjisms of problem, solving.. .{As Aarr r, Levenstein 
once said, w i th. consi de*'able_ jus ti f i catjon , "Statistics -i. > like a 
bathing suit. What the> reveal Is suggestive,, but what chey. conceal is 
vital".) instead, we str i ve . to make very deta1 led . obser^ati ons of rela- 
tively few persons in controlled experimental settings^ in particular, 
we often observe such persons solving problems after they havr been, in- 
structei to -talk out loud about their thought processes. Considerable 
de t (1 i i e cl i n f o rina 1 1 o n c a n t hen be _ ob t a i n e d _ from t he re s u 1 1 1 n g "protocol ." 
consistirj of a transcript of a person's tan^^-recorded corttiients, together 
^i^^V ..^^^^' P^T^'^'^..' ^.'^^^^?'^._^'^ork cluri ng the p, ^ 'cm-bol ying process . _ _The 
fiersons thus f bserved in detail. have include _ both. "experts" . (persons 
who are experienced and successfJl prbLiem sdlvcrs) and "novices" (e.g., 
stud-'nt^ with only limited p»'ODlem-sol vi na experience), 

.Neod.c:". to sc>y, the^^e is an intimate interplay between the formula- 
Vi^'^' 0^ . ^ypothetica 1 mode] s and (Jetai led_experi^ observations, lus 

the validity or utility any model luuzt be as^;essed by its ability to 
relate predict varibiJS observations. Conversely, judicious observa- 
tions ;:).iy oft^n Suggest useful iDodels. 

pVERV I EW Of T|i£ PROBLEM-SOL VING PROCf S'S 

_ T^J.^'royidG.d ."raaieyvork for the fol lowing discussion , let . me briefly 
outline a particular point of view ( nr model) about the prdblem-sdl vi hg 
process : 

There exi St . some problems which t^re sr^ simpleor familiar that they 
are readily "c>dlvable" (i.e., that they can be solved by available methc"'*^ 



ISo 



pruMers'"'',h'r'"'r"''H''''M ^Hon. be. decomposed i„to-One or more "sub- 
le o. -rV rh. ^5 any problem whose solution facilitates 

,"^-!^'',?\ ''^'^••'>i'''^.VPt-Oble^^^^^^^ such problem which is solvab e 

SULLC^M iy L;i:l ] I the OJ'ii 

♦vMj t a r*e the' p rerequ 1 ^ 
n'e^,'!r^'^'!KV^^''' '-H^'^"^'^ decompositidn"into''subprohlems'''0Me 

article to discus, h ri n ' ' L the^next sectior of this 



r..n:,\, d- ^.-.osL^intulul'ther^'uS ^" 
hj h' "^'-^^^^y^"^' problem can fen clearly be solved 



::-^t sjcn ( 

"ip.K'''t-Mt the I 



/Lgji ,nus tne following ossont al ineredients- A <tr^^t 

- Muent decomposir, aprpble,,, into judiciously s cJe 'S' 
nfo,la Ic" r^f'r, • ""5' = ting pf basic solvable problems a- .u ' 
nrj,,.at , carefolly organized and symbolically described so (, 

i3 HK!^-"" -c-?-^sr-.«^^ 



practi^ar" pHcatiens'Sr'il^^^ ^^'"^^ some 

skills- r'ovever ^Hni iH stuaonts improved p rob 1 em- s o 1 vi ng 

-«-„;o. .-Mc;,i4 °?,i\^ru r.iiL""?,°[."Ts",°[?, i ' 

plicUlv so... of he riiSr l^If,, snal' spell but sx- 

■quaiSnfS^ari^inr"^^'"^^''' ^^^^S" .-J-j^- _ j ^--^ statements or 
asic infor^iatic-^al I 1 aw> (, r def i mti ons j cons ti tute the. 

any different prob! .^^ -=^"5 -^ruct the soiation. of 

lass of pripUive - mh-onir ''"'^M"" equivalent •, a 

relating the i,t n^i ':"b .ems , t or examp ' , , g.^m' s lai. J = RI 

«M.k„o»iefil of sSeS rlllnins'i.' i^l?" two, «„ Me; 
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: vpetns Jv', ifKl^'t'd. luu, h _ r-u 1 a t i oris of f ec t i ye ly ds bas i c bui 1 di rig 
^ i .K N . * .:r cons tr-'jc 1 1 na solution^ to niore conip] ex . pr-ob.l ems ; . In particular, 
v.ihsi I ..r • su.;v;L?st that experts havL^ the fol Ibwirig ^a^ 

s; r - •'u! jriy relation with which they . are f ami 1 i ar , in the sense that 
t!:.'. r trus r-rl.itiofi r-oli.il)ly Jn^i flexibly to solve coi'respond i ng 

, ; ..: ;'!\U' 1 -r s in various contexts. ^2) Experts have a geiieral /'learn- 
in,; ;r i 1 i .vfieri'l^v . .iftiM- beifuj presented with a description of a new 

-Of; . i ■ lar- to.t^ion. they . sut'Setjuefi t1y "understand" the relation 

" ; ..in j it ap[>r*af)riatoly . . __ _ ... 

. v'J" o^'^«^'^'v^L.'-''''vjdiscussed i:iore fully la shbvv that 
■ ' . ! ..;.'Mt , n.i. ttMtrui of these . abi 1 i t i es . Instead, for many. . 

' Mu:;.r -t ;jti/'^ ; ^ nierely a memorized formula, which can be quoted 

I .• ' It.' : > t ^' 1 y (i ^ Of i .... 

.; , , .t ' MM is to lUniuilate ari explicit model specifying. 

•••'M' ' • • • ; jre rrouir'ed.to ''undej_ s tand " any rel at i o;i we 1 1 

t-f,/ ; • • . r- ; r i 'ia^>, jf solv.'VHe subproblems that .can.be usee. 
[\ : ' ;i, vii. ( _■ l''inv; co;i texts. Our analysis identified 

i't'op^.'f*' I t's : rjio\-iiiu the pr'bperties of tlie quahtitics in the 
rr. iwt, M) tM.M.t^iose quantities can be properly reconnized and identi- 
' \ or r io, khbvnng wlietfier each quantity is a .calar or vector, 

Nninvif?'; its uf t ^ . . its t , [) i ca 1 . n;a gni tude , . . ^ , , 

v/ ' "J 1 scr--i " I 'i.i t i oris : Making appropr i a te . d i 5cr i mi ua c i ons between 
.vr;oo Is , oi ther' 'j.i J'i*yt 1 es or en ti re rel ati ons ) and thei r refererits 
[ , tno f/riin is which they refer). _Thus a particular symbol . shoul d 
he vrec 1 1 V Mss i qrio j to a parti cul ar referent , wi thou t being ei ther 
:-;isassi liieJ to : r^;i p:^ropr i a te referents or confused with other. symbg]s..____. 
■.bt'O ri;. ].i :hore are two types of such discriminations: (a) Bi scrim- 
ifiatior^. of .luaniities. so that each quanti ty _ in a_ relation i% correctly 
assi'^ined to" i ts ret eVen t (i.e., correctly interpreted) and. not confused 
witn otiiLV .Matiti L ios . For example3 in the case of Newton ' sgravi tatio^^ 
ro.r-, 0 lav F -■ G i: (-.. R , the quantity G shoald be properly interpreted. _ 
A\ a universal L:or"is tant _ pf nature; nbr should it be confused with the 
v:f\r: itattonal aroel era t i on at a.particular position, (b) Djscrimi nation 
of relations, so the.L a particular relation is correctly assigned to its 
referent ri'e. . corr3ctly appli. i to an appropriate situation) tv^d riot 
confused witn jtho»- quar^titie, Tor example, Newton ' s gravi tational. 
force law shoujci be applied on.y_tp particles rather thari to I'^rie objects 
of arbitr-ary shape; nor should it be confased with the relation F = mg 
for tlie cjra V i ta t iona 1 force near the earth. 



O O • O O SYMBOtS 



□ □ 1 □ □ RFFERENTS 



Fi(j. 1. Dianr-if'i indi .'latirin schematically the coririisctibri be.*.. < a 
particular symbol (blac'. circle) and ;a particular referent 
(b lac^ square ) . 
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, symbol 1, r*(^j)res(»n tat i ons : Bcinn ablt li^n ^nfor^ 

:-V 'X'r,T''; f '"'n' ''^^ u^'^^^l than-others in vros contexts 

;-.;;.tio,..;/ 1.::, i'r. ^^^^^ ^o^^^^e^ 

SCM,./' t ''■f^'''-''-''''''' ''"^ relation familiar to tt4, in the 

haul s : ^^-^ it all the preceding abilities. 0n the other 

.wa,,. of the ab,l,ties_ necessary for understanding a relation- t^en t 

^u^^t:.nc;a!tr;;;ro.^;ibe^r%neSr^^^°::i^^ 

better^iU wain independently'an unders tand ^g'S \ S iJs^elat ns" 
or efrH tio f'outsidror^h"-^^^^ gaifan^nderstn ding 

even »i;U::re"abor;te1oachrnr,:,ayr?a^ ''''' understanding 

iP^if'T';:''']'^''-?''^''^' ''^^ ^'^'^ "'O'-e fully elsewhere 

or nr,c' ''insr,' investigations have the following i^pl cltions 

muirt : -n^^^^^ 1 L They _ show that someseemingly simple but 

m eff Vi -nM V automatically acquired (at least- 

ThP. nnV' '-esult of ordinary:_instruction in s, ience courses 

fcnl ff fL 'f'-S'"""''^ -^^"^"9 ^kill« "^be taught success- 

He berte"^ "^t ^;.^^^'^.''^ ^^f^lici^ in-5tructignal .g--oals and Lught 
^clibe ately („) They sinjycSt that such efforts, designed to teSrh 

uci ' foru n / -'""'^ contexts: (4) furthermore, 

^ T,)e preceding sectT-n dealt with some of tl.e basic information nnTt^ 
relaticn., wh,ch must necessarily be available to pe-mi any problem 
olving. ^ . however, .s__e,,:pha3ized previously, the m^re ixistence of snrh 

fon„ation_ units is not rofficient to insure effeclfve problem 
-•V-ls "indS" ^^'^ ^ ^^eful repertoire of bas' solvable 

1 o'. 'nn n- h ' ''^^ -^^^ase Of quite simple problems, succes% 
1 .0!.,ng p.'ob.om., requires much more than a knowledge of fa'-ts and 
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pr i.ru:! p les . Success dopcrjds cfacuilly oq the organization of this know- 
led;je and the strategies for using it.^^^ T^ rest of this article will be 
devoted to discussing some. of these central issues: 

Bv oh^ervini] in detail how novices and experts solve problems, we 
h^l^^.V *r>-^'''^V to i derit i fy the. following salient d i f Terences . between their 
probleiM-so Iv ing behavior (even when the novices, as well as the experts, 
have a ver^ good coiiinand 0^?]! the basic knpwledge . relevant to a problem) 

A novice, such as a relatively inexperienced physics student, usually 
strives to r-etrievt* various indi vi dua 1 . f bhnu 1 as and then tries to combine 
then' one-by-one unti 1 he or she attains. a solution: If the problem is 
innderately coinplex, the novice frequently fails to attair sdlutioh, not 
so riuLfi because he makes mistakes but because he "gets stuck" and does 
not knuw whi!t to do next: 

!.'> contrast , ..•^"^h expert se^i'is to approach a problem, i n a snrefooted 
way that ahnost always leads to a solation. He or she te'^' • :Hially 
to engage i n seenn hg 1y impre'^"' .v^*"bal or pi c tor i . •- Ly^-s^fi.ts , _wi thou t 
getting involved in detail:' »^orting to any eqaations: He then pro- 

ceeds by .} [ir(h t'ss of sUcc_ T vo r; ' '.bbrati bns , wherein equdtions are 
used only s[ui'-iM.]iy in ■ ■ .lages o.f.the solution pt ocess . . . Furtf.er- 

ni(ir(>, hi', dr ';:; ■•/its see ' .rued smoothly and cdntihudUsly with only 

fiesitaL' ns betw'e- ' lerrupted cha i ns C'* . reason i n i . 

U) give a r;r ivnl example, consider the problem i 1 1 u, 'rated in 
Li^J- - .where thejnfbrniation to be found is the electric_poter;t.ia^ at 
the junction of the. wires. .Many _ novi ce . s taden ts f i nd this seemingly 
^ "iP ^ ^ P ^- . ^ ^. ^ ^ ^. " ^ ' ^ 1 1 . .t P sol y e i t . . Ty p i c a 1 1 y , t hey a 1 1 e mp t 
to write, down var^i ous.equa 1 1 uns involving several unknowns, and then, get 
:ost iri the morass. On the other hand, ah expert typically starts the 
Pr^Jiblen by making vertDal _ statements such as:. "The current produce^ . a 
potential drop in each. wire: These potentirl drops are related to the 

resistances o^ ''^^'se wires , and these resistances 

geometry," fid. rig made these ^,tatements, the expert then quickly solves 
the prohlei:: witN a i:iin:;:ium of equations. 



rig. 2. Current flowing thrrugh two -joined. wi res . of the same material 
and length. The diameter of the first wirf* is twice as large 
as that of the second. 



Let tiie then mak^ a few general thebre.ical cbiiimehts to ihdic :^ 
thai tfie experts ' problem-solving bcfiavicr makes sense. As poin". _ r<it 
pr'evi5usly, problem solving cari be conceived as a process of suc:t 'u 
decompositions into simpler subprobl ems . _ _ 1 1 i s then cruci al ly iiiK'':ant 
tc select judiciously, among, the many possible- subprobl ems , those t^e a- 
t i yoly few subprobl ems rio St ] 1 kely to l?e useful . A good s tra tegy f wi- 
achieving this aini consists of subdividing the p rob 1 e::^-sol vi ng_ process 
into successive stages such that each stage involves or.ly a selection 
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mo<^y ^i:ry u,iij]tern^l^ _A_ person 's. "knowledge base" (i.e., the store 
3 n -nnM^f '''''' °'' ''^^ ''^^"9^ to the prohlei Should tl.en a so Be 

sMboljcally described; so tnat ^ne preceding 
sr r.n-^.r.v L..ti be inipleniented effectively;- 

^.^ ,: '\ ^ootl strategy be_realized in practice? _9ne obvious 

■ ■ ■ ' .^'^ .one_s_knowledge base in such a way that individual 
nil'-' . ^H'-ods^are appropriately grouped together (or "chonked") 
into d ,0 ly SIMM number of coherent mc'hod<; whirh ran h= ^-x 



Kr ""r^' ^-^bproble:ns: The resulting advantage is that" the 

l-roblc' solver then , merely Meeds_tp se lect ainong.a few major methods. ... 
M i^i,,^ n"""^ K° -^V""" "lany separate principles or methods for 

is n^l^ 'f^^ I example, in the domain of .m.:chanTcs , it 

s Qse, .1 If the knowU'dye base contains , . oherent method for applying 

^tven^n,«. . inrortant, the_ desirable characteristics of. a good strategy 
L<ni be dchi: V, executing the problem-solving process through a series 

Pt successiv ■ >; iM-ments: The early stages of the process then merely 
involve Chen. v^nong alternatives described at a global level, unencum- 
bered^y exc. : ...v detu . 1 , while the later stages involve choices at a 
more detai lee lo.el. The_advantage of such a strategy (which is simil^r 
fh!. ^T''"'" "aRP'-oach useful for Complex computer^programming tasks) 
IS that only a :.^w decisions need be made at any one time: Major decis ions 
are made firs .ach of them implying a selection amOng a whole class 

rnd more detailed decisions are made later 
(witi fun jwciretv. 33_of_thejTiajor features of . the entire problem) 

Ihis.prnbleri-solving strategy Of successive refinements is very 

power, ul and uescr ves further_cp™ent. First, different symbolic descrip^ 
tions may be^most iisef^il at various stages Of refinerrent. Thus verbal 
and pi.toria d.-_ _nptions are of ten_ useful for the early solution stages 
to aJiieve global dtsocri pti ons , impreci se . but unobscured by distracfng 
derail. On the . thor hand; descriptions in i^rms of mathematical symbols 
and equations car: be_most_useful at .1 ater. stages , to achieve more refin-d 
dcscriptinnr, of specific details:. Note that these comments agree with " 
our obsetva lions of experts' problem-solving behavior: 
, Second, it is worth pointing out that the implementation of a prob- 
em-solviriy strategy Of successiye_ refinements is helped by an appropriate- 
ly-structured knowledge base. In particular, this knowledge base should 
be^hierarchicalTy organized into multiple levels which describe the same 
situation with different_degrees of detail and with corrrspondingly dif:: 
fereiit 5yr:,bolic representations. For Only then can the strategy retrieve 
infonnation whirh is appropriately described with the degree of refine^ ' 
ment suitable for a particular stage of the prbblem^sbl ving process 
_ As an elementary example, consider again the simple problem of 
Mg./. As mentioned earlier, when starting work On the problem, an 
exp^.rt Miay make a stacemcnt such as "the resistances of the wires depend 
on their geometry:' Ihe_ word, "geometry", is qaite vague and refers 
loosely to various geometric fact-rs surh as length, diameter, shape; 
. . . ba, ly m the solution, such a.vagje statement about dependence bh 
geome-ry^is^muc -.re useful for. planning a sol .tion than would be a 
distractingly precise statement (specifying pronortional ity to length 
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und uiverso proportionality 16 dred),_ Only later in the solution, when 
^^ytdils need to be worked out, will. the. problem solver want to invoke 
the specific eqaation R = ,^L/A which relates_the resistance R precisely 
to resistivitv, , length L, and cross-sectional area A: However, note 
thut thtj i;lob,i) statcinent "resistance depends oh geometry" can only be 
.^.^'^^^.^"'^".t. is part of the p^ knowledge base. On the 

^^'^^if^i the_vocabulary of many novice students does not even include 
thu word "cjeoMietry" , used in the c?xperts' vague sense of "miscellaneous 
gednietric tactors," 

What experimental evidence can we adduce to confinn that the pre- 
c odifUj cfrardcteri;stics__o.f a problem-solving, strategy are indeed important? 
Ono kind, of evidence is provided by noting that these characteristics 
are exhibited in the probloni-splving protocol s . u.i experts: In addition, 
soHiespecuiliy-designed. experiments carried out by Jill Larkin (Urki n , 
1 977) provide more specific evidence. For example, in one such experi- 
m.?nt Uu'kin measured, the times elapsed between successive statements 
made by experts or students solving a particular mechanics problem, in 
tht; r.^s(» ot ari expert,_un^ike. that, of a novice, tarkin four ! that most 
elapst'd tunes are Short and that there are only a few longer times 

t^^si tati on5_ between _ Hid jor trends . of. thought; These 
results are quanti tdtively consistent with a model that novices retrieve 
many smdll i nf orina ti oh units independently, while experts retrieve their 
inf onnatjon in larger coherent units: 

in another of Larkin's experiments, students first received instruct- 
i.t^'L t'-Vg^^ ifl.ti.fpod.unde.rstanding of. all the principles of DC circun 
analysis and to apply these principles individually. When these students 

'^V^^'- ■ '-"^^ .Q.i.veh some circuit problems to sol ve , they, were largelv 
urisucces^. ' Then one groap of these students was shown how the prin- 
^/f'^^'.^..^'^" .^^\..^^sual ized pictorially and_how they can.be applied jointly 
in .sonie? c. .'e rent methods . The second group of students was given equiv- 
alent tr niny on how these principles can be combined algebraically. 

^- -'>;P givcn_any_prdctice in problem solvina: Yet afterwards 
the f'- qroLip (but. not the secondgroup) was Itiuch more success^ n 
• '*^^^^^. P.f'ohlems. This experiment, shows that mere organization 
. :^ting knowledge base, even w i tho ut any practice, can effect 
major > rovements in problem-sol vi hg' perfoVmance, 

■(.vy^rif^us_kinds of evidence lend support to the comments made 
in th,- S'^ction about some iiiiportaht general characteristics of effective 
proh iri scl ;ihg. In the npxt section I shall use these general charact- 
er-r ',.:s to propose a. specific problem-solving strategy. But the general 
coi.i/ents of thi:. section already suffice to suggest some practical im- 
piiccit'uns for. tojf.hiny students improved problem-solving skilU: 

^'V. ^.'^^P.'.V'^.^t^ons are negative,, warning us wnat n_ot to do, 

if^di^^tii tfidt some teac'^ing practices connon in science 'and eng- 
ineer. nq courses may be deleterious to students' problem-solving skills. 
The re j-oh is_ Uv^:t many Instructors, (myse^, f . inc 1 aded j often emphaiize 
mathenic; Licd] fo, .al ism unduly and Shun seemingly vagur verbal or pictor- 
^fl ^^^^.c»\iptidns. Ihus many though c hey may initially 

find words. more congenial than mathematical symbol isp, come to believe 
^^'*^^^^^^'^L.'^'*gLjment? "Should be d i sparaged as . imoreci se and inappropri- 
t^te for scientific work. As our.stodies inaicar.-. nothing could be 
further from the truth: Seeltiir.jly vague verbal and picLcrial descrip- 
tiof^^ ^^'^e i'^v^luabie for the crucial early design decisions in a 
problem-solving process, and are commonly Used by expert problem solvers. 



Thus stiiULMUs shuulJjiMt. he.1»ni to suppress their nator-a! veroal ihclih- 
ap-.'Ms, Insto.-id, tiiey -Should- be taught how to use qua! itatiye_verbal or 

-r^y.^'' -'.'^^ >^ ^t?L:t W translate them into more 

pf-O' ist> iiM t i)f.'t[ki li Cii 1 form when appropriate: 

*ir.!.tJu' PK.fo posilive side, the general remarkr of this section i; jv 
.^^'IJ/'Wing surges*: jons . for teaching improved problem-sol vif g s.-.ills: 
tl) f^'ovijinq students with hierarchically-organized knowledge desc^bed 
at multinle level s of lie tc3i 1 . _ _ (2 ) Teaching students to approach prob.er' 
solving by o pruLfSs of successive refinements, from more global to mui e 
^^^^^^!J^^^^>^^R^''^t^ P.^^oblem of proceeding linearly by combin- 

ing _ nidi vi dua 1 equations), indeed s tudents might profit by bein§ taught 
explicitly how to design problem solutions, without necessarily imple- 
menting them in deta 1 I . 

A _DCTAT LE-D ]^ObLEM-S(^Lxi 

.^^^ P^^^^^Ji^g section discussed some general features of .?fff" ^ve 
prublein solvincj. Let me now attempt to translate these general id^^as' 
into .J moru specific strategy useful for solving physics or engineering 
problems. This strategy reflects my current thinking, mt^ to be blanied 
on Jill tarkin, and is thus subject to further revisions, elaborations - 
and per imtMiicj 1 test 1 ng. 

strdt'Mjy seeks to decompose any problem Jnto a sequence of sim- 
pi':- ^^'---P^'obiems described_at successively more detailed levels of re- 
_fl>- *.'-c. In particular, the strategy f irst seeks to decompose any 
mc r^ctiy roMlplex prciblem into a sequence of five major "standard sub- 
problems'' ofgenerai ufility.. The.first two major subproblems seek to 
bring the. original probfeni into a fonn facilitating the third and usually 
most difficult subproblem, the. actual "design" o^ the solution. The ^ast 
two mojor subproblems then seek to exploit this design to produce a f - 
al ^iolutinh. Let me now. briefly outline, these five major subproblems: 
In the next section I shall then exemplify the strategy by applying it 
to solve an illustrative problem in physics. 

Jti^.origjnal form, cf u. problem ?s usually determined by varibUs 

extrinsic factors (such as brevity of statement in a textbookj, rather 
intrinsic utility to a problem, sol ver. Thus the firrt helpful 
task is to stdrt from the original problem statemeht_to generate a prob - 
lem descriptinn most cgnyen ient _ ^ the oroblem. so] ver: We may c^M this 
task "translation". .This problem descriptioh still incorporates yery 
V"^.^^^^ 9^ ^^^^ general or theor; .^cal knowledge which^ the prob^em-sol ver 
?an fruitfully bring to bear on the problem: Thus the next helpful task 
is to start from the previous convenient problem description expressed 
0Pt'''"^^1y I'J^terms of theoretical background knowledge: (We may call this 
task "analysis":)- The problem is now in ^rrri facilitating the search 
for a solution. Accprdingly, the. next tai;k starts from this useful prob- 
lem formulation, uo generate.a "schematic sbrjtioh", i.e., a decomppsi ti on 

'he problem iritb subproblems which_are Jeemed solvable, although not 
ve^ explicitly solved. (We rroy call this task "design".) Clearly the next 
task then involves actually solving these yarious subproblems in order to 
Senerate a tentative solution, of theprob.lem. (Uc nay call this task 
'•implementation'^: ) Finally, the last task consists gf_assessing and revis- 
VnQ.^.'Vis tentative solution in orde>r to generate a good solution which is 
DOth correct and optimal: 
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The preceding five tasks constitute the five major subproblems of the 
proposed prob]emrSo1vjng_strate^ as il lustrated. in Fig, 3. Note that 
each such sabproblem is completely specified by its input and desired out- 
put (e^y. , by ''coriyenient descriptibn'V^^ fbrmulatiori'')^ and_that 
the name given to a sabproblem (e^g. , "analysis") is merely a convenient 
label without any iritriri sic significance. 



I 



ORIGINAL PROBLEM 



tranili'.tion 



1 



CONVENIENT DESCRIPTION 



analysis 



USEFUL FORMULATION 



design 



i 



SeflEMATlC SOLUTION 



Implemsntation 



TENTATIVE SOLUTION 



assessment 



EVALUATION 



GOOD SOLUTidN 



Fig. 3. Major subprdblems of the pirbblem-sbl vihg strategy, 



__Let me now -indicate briefly how each of these major sUbjDrdblems 
is to be solved. 



Translation 



To find a convenient problem description; . . 

(1) ^n^rdduce a convenient sym^ represehtatibh (draw a design arid 
choose labeling symbols) 

(2) List specified arid desired ihfdrmatidh 

Analysis 

To find a Qsefal- problem formulation : 

(1) Retneye releyant_basic_knbw]edge 

(2) Generate a theoretical problem description by _ _ 
(3) 6xpressihg problem stated 

(b) considering significant problem features (systems, stages of 
a process) and applyihg thedretical Rhdwledge td- them 

(3) Find global information about problem by 

(aj identifying general properties (e.g:, invariants) 

(b) icieritifying possible types of solutions (including limiting 

and critical cases) _ _ _ 

Ndte that all these things are t^^ at a high level of des- 

cription, unencumbered by distracting details. 

Design 

To find a schematic problem sb]utionj 

(1) Search for solution by using the "generate-and-modify" strategy 
cli scribed below 

(2) bo this at successively more detailed levels of refinement, if 
necessary 

The search strategy mentioned [a form of "means-ends analysis") 
tests the problem at any stage to identify the difficulties involved in 
finding the desired solution. These difficulties are of twc) kinds;. 
lacks , i^e: , -desirable features (such as needed information) which are 
absent; and_ f laws , _i^e., undesirable _features_Lsuc as_extraneous infor- 
mation) which are present: The general strategy is then tocarry out 
3 P p r d p r i a t e a c t i dn s t d ge he r a t e (fairly u n c r i t i c a 1 1 y ) U se f u 1 in f d rrha t i on 
likely to supply the lacks; and then to modify this information judicious- 
ly by remdvihg the flaws in it. Typically, useful ihfdrmatioh can be 
generated by applying some relevant principle or methbd to theproblem; 
information containing flaws then can be modified suitably by combining 
It with other information which relates _sych_f laws tb_more_desirab 
formation elements. This cycle of generation and subsequent modification 
can be apjDlied repeate bri? attains the sblutidh (i.e., all the 

desired information without any remaining flaws). 

ImFilemeritation 

To.find a tentative solution , sbl^ (presumably 

solvable) subproblems identified in the schematic solution. 

This sdlutidri prdcess is hdt really different from the dne used in 
design, except that the problems to be addressed are now more straight— 
forward arid are solved at a more detailed level. 
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Assessme nt anff t^ visibn 

To inci a goJ(i sblutidh, assess the tentative.solutibn by examining., 
the followina quertions and making apprbpriate revisions until the answers 
tb these questions are affirmat-^ve: 

(1) is the ijlutlor uriambigubus? 

(2) Is it i .ternally ^nd externally consistent Ji .e. , self-consistent 
and ii agreement with other known information)? 

(3) Is it Complete?? . . 

(4) Is it opt^ma^ (e.g., might it be simpler)? 

The precediA^^ ■^.ription of the strategy is general and fairly 
abstract. To - uif]^ the strategy has quite specific implications, it 
is instructive to .pply it in detail to a particular simple example. After 
that we shall be in_a_betterpbsition to point out the general implications 
and limitations of such a strategy 

IbtOSTRATIVE EXAMPLE 

Table 1 state; a physics_j3rdblem typical of the kind encountered in 
a basic college physics coarse. To i i j ustrate ourpropbsed prbblem-sdlv- 
ing strategy in grcc^ter detail, let .is apply it systematically to this 
problem: 



After descending a mountain slope, a sled moves up another 



hill whose top, which has a radi :S of curvature R, is at a height 
h above a valley: Assaying that che s'ed moves over the snow- 
covered ground with neg1-\gib1e friction, at what height above 
the valley must this sled start from rest bri uhe mountain slbjDe 
so that the sled dust leaves the grbund at the top of the hill? 



Table 1. Original statement of a physics problem. 



T rahslatidri 

According to the preceding sectidn, the_strategy_leads dne first to 
generate a cphyenient problem description which consists of the diagfam___ 
of Fig: 4; of some convenient symbols Cluch as the initial height y of the 

sled)j_arid of Table 2 which 1 ists the relevant information about the 

problem Note that thi s * ihfbrmatidri is ndw avai lable in much more usable 
form than in the original Table 1. This is beacause it is_represented 
pictorial ly, corresponding more closely to the observable_physical situ- 
ation, and because it is listed succinctly in the order of the specified 
motion prbces'>. 
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Specified information. 




Start of sled motion: 




speed V = 0 








Sled move' K^thbut friction 


(1) 


Top of hi 1 1 : 




height h 




radius of curvature R 




sled jast leaves the ground 


(2) 


Des i red i nf orma ti on 




y = ? 





Table 2. Cdhvehierit descriptibh of the problem of Table 1. (To be 
supplemented by Fig. 4). 




Fig. 4. Diagram representing the information provided in the problem 
of Table 1. 
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Analysi s 

The '^analysis" part of the strategy, as outlined in the preceding 
section, leads to the following information: ^ ^ 

(1) The releyant_basic knowledge concerns mecbamcs , i .e. , principles 
iri.n.ving motion, forces, and energy. A_ theoretical description of the 
Droblem shouldthusirivbl ve these concepts: ^vr- i 

(2a) Statement 1 in Table 2 specifies that the si- moves without 
friction. Thus the frictional force is zero, i.e.. the_surfac|_fqrce F- 
exerted on the sled by the ground is always perpendicular to the ground 

(2a. continued! Statement 2 in Table 2 specifies that the sled iust 
leaves the ground at the top of the hill. __The_wgrd ''just^indicates^a^^ 
critical case between two types of solutions, one type where th|_sled^sti ii 
^x^.^u^^ iu^ tnn nf t-hp hill f5ri that the surface force 



touches the ground at the top of the hi 11 _( so that the surface fo»:ce 
^ g at the top of the hill), and the other type where the sled.has ef t 
the ground before it reaches the top (so that F_ = 0)^ The cnticah case, 
between these two types of solution is then that wh^re the sled at the top 
of the hill still barely touches the ground and Ec-.^- : - 
(2b) The only relevant system is -the_s]ed. The. motion process^-caa 
be subdivided into two stages, the entire initial motion until th?_sled_ 
reaches the top of the hill, and the 5tage_where_ the sled is at the^very 
top of the hill. Consider first the initial motion. Appl Icati on.of _ ^rce 
arguments (and the equation of motionl leads to the conclusion that the 
sled moves as a result of the downward.gravitational force _Fg_=_mg and 
the surface force F- on the sled. Application of energy arguments leads 
to the conclusion t^at. since there is no frictional_force, energy is con- 
served. Thus the kinetic energy and the speed of^the sled vary simply with 
its corresponding gravitational potentialenergy (or height). _ _ . 

(2b, continued) At the top of the hill, the surface force F^ = 0 
so that only the gravitational forceacts on the sled. _ 

Ul As already mentioned, the energy of the sled. is a_simpl ifying 
invariant. We have also mentioned types of solutions and shall not do 
more along these lines (although we could). _ .._ . 

The results of this analysis lead to the useful problem formuation 
partially summarized in Table_3._ Note that the previous statements 
describing the problem in Table 2 have been reformulated into theoretical 
statements about the surface force, __ Also the crucial importance of the 
gravitational force (never even mentioned in the original problem, state-_ 
ment) is now fully apparent^, Ihe prbblem formulation of Table-3 is clearly 
much easier to-solve than the earlier problem.desc.riptions_gf Tables 2 or 1 
indeed, if Table 3 were transcribed into prose form. and .were given as.a_ 
textbook problem to studonts, it would be much simpler for them than the 
original jDrbblem of Table 1. 

O esi gn 

A schematir problem solution , obtained by the "generaterand-mbdi fy" 
strategy of the last section, is succinctly summarized in. Table 4. This 
table indicates explicitly how the problem js decomposed into successive 
subproblems and what ihfbrmatibri results from the solution of each solvable 
subproblem. Such information is described by global statements whi^ch dis- 
regard distracting detail in order to specify merely an existing relatipri 
between key quantities. (In Table 4, the quantities in these statements 
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Spec -'f led information 
Start of sled motion: 
speed V = 0 
UnRhdwh height y 
Sled mdtidri 



Surface force £^ J. surface 



Mass of sled m 



Downward gravity force F = m§ 
Energy is constant 
Top of hill 
height h 

radius of curvature R 
0 

Desired i iifdrmatibh 



Table 3. Useful formulation of the prdblerri df Table 1. (To be 
supplemented by Fig. 4.) 

are conveniently iridicated by single-letter abbreviations arrahqed 
in separate columns. However, withdut much sacrifice in transpar- 
ency one could alsd express such statements ir words: For examplp. 
in designing thesolution of the problem of Fig. 2 dhe anight use ' 
th? statement "resistance, gedmetry" to indicate that a particular 
factors ) ^^^^^.^ information relating a resistance td gedmetrical 

JP ixplain the schematicsolutioh of Table 4, let me express.. 
It in words I might use as a-problem-sol ver: I start with the. well- 
formulated drigihal jDrdblem P and note that It lacks adequate infor- 
matibhto attempt a solution. Hence i undertake subproblem PI to 
find relevant information relating the sled^s mbtlbn to its_inter-_ 
actidh with_other_objects. /To solve this problem, my.previousprob- 
lem analysis suggests that I try td solve subproblem Pl.l^ applying 
the cdhservatibri of energy_tb th motion, and thus ob- 

tain a relation between the sled's initial height y and its speed v 
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Prdb«^ 


Problems 


Resul ts 




P 


Wei 1 -TorniD 1 a LcQ proDiem 






PI 

:1 
:Z 

P2 

. 1 
.2 

P3 


FIND mechanics information 
APPLY E=const: initial motion 
APPLY ma=F: top of hill 

ELIM a 
APPLY cehtrip accel 
ELIM a: 2,3 

ELIM v: 1,4 


® 
V, a 


1 0 

2 9 

3 6 

5 r 



Table 4. Schematic splutidh of the problem of Table 1. (The circles 
and lines in the last column indicatepictorially which 
statenierits are corrtined to yield new statements.) 

at the top of the hill. The previous problem analysis also suggests 
an attack on subproblem Pi. 2, applying the equation of motion ma = F 
to the sled at the top of the hill. This yields a relation between^ 
the acceleration a^ of thesled and the gravitational force F_ acting 
on It. Hence I have now schematically solved (and may thus check 
Qff)_the priginaLs.ubprobrem Pl__pf_fihdih§ releyaht mechaM infor- 
mation. Now I note' that the acceleration a^ (circled in Table 4) is 
a f la w i h my a y a i 1 a b ] e i n f 0 since i t i s no t wa ri t ed f o r the 

solution of the original problem^ Hence I undertake subproblem P2 
to eliminate this acceleration. To do this, I first solve subprdblem 
P2.1, applying the relation for centripetal acceleration. Thus i 
find a relation between the acceleration and speed £ of the sled 
at the top of the hill, i then tackle subproblem P2, 2 to eliminate 
the acceleration a^ by combiriirig statements 2 and 3, thereby finding 
a relation.between V and f-. I have now solved the original _sub-__ 
problem P2''df eliminating he acceleration^ Finally I note that the 
speed V (circled in Table 4) isalast remainingflaw. Hence I 
uhdertike subproblem P3 of eliminating by combining the previous 
information contained_in_statemer|ts_l arid 4. Iri this way I dbtaih 
a relation between the initial height y_ and the known gravitational 
force F^. Hence my entire drigihal problem P has now been solved. 

Implemehtatidri 

The task of obtaining the actualsolution of the problem is 
now guitestraightforward since it drily remairis to solve iri detail 
the simple subproblems specified in the schematic solution of Table 
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^. Thus. sub[)robjein Pj . 1 (applying energy conservatid/i ) yields 

mgy - High + niv72, or y = h + v /2g. Subproblem PI. 2 (applying the 
equation of motion] yields simply ma_= F. = mg , or a = g. Subprbblem 
P^.l yields a = v^/R and subproblem P2.2ythen produces = gR 
Prom subproblemPjwe get.simply y = h + R/2 , which is the answer 
to the entire original problem P. 

; T^^^ l^^st step of the strategy, involving assessment and revis- 
ion, is so straightforward that it needs no illustration in this 
particular case. 



DISCUSS ION 

_ The preceding illustrative example ha5_hbp"eful ly clarified and 
made more concrete some pf_the basic ideas discussed earlier. Hence 
it_is now possible to point out some of the general implications 
and nmitatidhs of this work. 

The problem-solving strategy proposed in the last coUple of 
sections can be regarded as a specific model for effectively solving 
problems in physics.. This strategy strives to achieve the followirig 
advantages: {^)-lt systematical ly decomjDpses any problem into a 
sequence of simpler subprpblems. . (2) Jt directs one to proceed by 
a_series of successive refinements. Thus only a fev/ decisions need 
to be made at any one stage. Furthermore, major global decisions 
are made_first,unobscured by distracting detail. These can then_ 
guide subsequent decisions at a more specific level. (3) The fact 
that a problem solution is described at a global level without 
burdensome^detail (e.g., as illustrated by the schematic solution 
in Table 4) helps tp_reyea_l__the essential features of a solution; 
arid to modify a solution easily when a problem is changed. (4j 
Finally, the symbolic representatjph illustrated in Table 4 can 
Itself be a ysefjl aid in designing a solution, in helping students 
design solutions, or in surmiarizing someone else's solution (e.g,^ 
in summarizingthe solution process inferred from a person's problem- 
sol ving protocol ) . 

l^ie problem-solyjng model described by the strategy is intended 
to simulate .some of the central features of the jDroblem-splving 
processes of experts.. However, it should be noted that the actually 
observed problem-solving behavior of ah expert may conceal much im- 
pjicit information processing which is not explicitly apparent. The 
reason IS that an expert can often use very few words to invoke 
fairly complex sol vafc?le .subproblems which he has accumulated in his 
repertoire £S_a result of his extensive past problem-sol vlng_experi- 
ence, The_ fami l^ari ty with such major solvable subproblems makes 
problem solvingeasier for an expert than for a novice, who must 
solve the same problem by piecing together a larger number of more 
primitive subproblems. 

- emphasized earlier, the work I have described is still very 
Tine--" "^"^^^^^^^ ^"^^ ^^"^^ ^^^^^ ^° done along the following 

(1) The problem-solving model heeds to be refined and made 
more explicit., Inparticylar , it is important to specify more pre- 
c:sely__the hierarchical structure of a knowledge base, described 
at multiple levels of detail, which permits efficient retrieval of 
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"relevant infbnnatiph by ,ihe proposed problem-solving strategy. 

Models of s^h a stracture could then be tested by examiriihg or 

constructing, knowledge bases for some specific subfields of physics 

or engineering, _ _ 

_ (2) Detailed experiments are necessary to ascertain to what 
extent someone i proceeding in accordance wi th the problem-solving c 
strategy, does attain significantly. improved problem-splylng per- 
formance. Some aspects_pf the prbblem-sdlving model might also 
be checked by computer simulation. __ ^ 

(3) _If sucM_experimehts substantiate the merits of the prob- 
lem-solving strategy, one should then be_ ab]e_ to use this strategy 
as the basis of a systematic and practical instructional procedure 
for teaching students imprpved_problem-splyihgs^ 

(4) The present domain- of applicability of the problenb-splying 
model is limited tp relatively simple problems^o encounter- 
ed in basic physics on:Eng-ineeAing' courses . In the case_pf_mpre 

complex problems, the_desigri phase of the strategy must be amplified 
by incorporating in it more elaborate heuristic_prpcedures for re- 
describirig problems or searching for their solution^. Examples of 
such heuristic procedures are discussedinPblya (1957) or 
Wickelgreh (1974.). Furthermore^ one should explore to what.&xtent 
the f^roblem-solving model can be extended to areas beyond physics. 

rQ NrU.'DiNG REMARKS 

_I have tried to show that serious concerns with problem solving 
can benefit significantly from detailed studies of the ihforniation 
prdcessihg underlying successful problem solving. Such studies:, 
pursued in depth and with the f brmul atidri"^df detailed theoretical 
models, can lead to substantial intellectual chal len§es_and_touch 
on fundamental questibhs bf substantive interest both to modern 
engineering fields (such as computer science and_artificial intell- 
igence) and_tb cbgriitive psychologr. Furthermoce , on a less funda- 
mental and more practical level, the analysis bf_hUph inforiiiation 
processing can have far-reaching implications for teaching students 
improved problem-solving skills ahd_fbr furthering the development 
df art effective applied science of education. 



196 

. 201 



REFERE N€ES 

Bhaska>.R. and Simon, H,_A.^ (1977J. Problem Solving in Semantically 
Rich Domains: An Example -from Engineering Thermbdyriamics . 
Cognitive Science , 4^, 193-215. 

barkin, d: H:,-(1977]: Problem Sblviric inPhysics. Unpublished paper, 
Group in Science and Mathematics Edpcation, Berkeley, California. 

Larkin, J. H. , and Reif , F, 1976) , Analysis and Teaching . of a General 
Skill for Studying Scientific Text. Jmirhal of EdLicatiofval Psvcho- 
logy, 68, 431-440. ^ "^^ 

Newell, ^A. ,_and Simon, -H. A. , (1972). Human Problem Solv ing. Prentice 
Hall, Ehglewddd Cliffs, N. J. 

Polya, G., (1957). Hm-tQ Solve It . Do.ub1eday Anchor Boo^s , Garden" 
City, N. Y. 

Reif, F. , Larkin, J. H. . aod.Brackett, G. C:, (1976). Teaching General 
teaming and Problem-Solving Skills. American Journal of Physics, 
5^, 212-217. ' ^ . 

Wickelgren, W._A._, (1974). How to Solve Problems . W: H. Freeman S Co., 
San Francisco. 



Winston, P. H.., (1977). Artificial Intel 1 igehce\ Addi son Wesley, 
Reading, Mass. 




CAPTIONS 



F-ig. i' Diagram Indicating schematically the cbf^iectibn_betweeri a ^ 

pirtiojl a r. symbol (black circle) arid a particular^eferent (black square), 

Fig. 2 :__Currerit flowing through two joined wiresof the same material 
and length. The diameter of the first wire is twice as large as that 
of the second. 

Fig. ^ : Major subproblems of the problem-solving strategy. 

£i£?4: Diagram representing the information provided iri the problem 
of Table 1 . 



Table T : Original statement of a physics problem. 

J a ble 2 : Convenient description of the problem of Table 1. (To be 
'supplemented by Fi§. 4.) 

Table 3 : Useful information of the problem of Table 1. (to be supple- 
mented by Fig. 4.) 

Table 4: Schematic solution bf_the problem of Table 1: (The circles 
and Tiries iri the last column indicate pictorially which statements are 
combined to yield new statemerits.) 
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